
1

SILVA FENNICA

Silva Fennica vol. 54 no. 5 article id 10351
Category: research article

https://doi.org/10.14214/sf.10351

http://www.silvafennica.fi
Licenced CC BY-SA 4.0

ISSN-L 0037-5330 | ISSN 2242-4075 (Online)
The Finnish Society of Forest Science

Karol Bronisz and Michał Zasada

Taper models for black locust in west Poland

Bronisz K., Zasada M. (2020). Taper models for black locust in west Poland. Silva Fennica vol. 
54 no. 5 article id 10351. 18 p. https://doi.org/10.14214/sf.10351

Highlights 
• Seven taper models with different numbers of estimated parameters were analysed.
• Section diameter and volume was modelled using fixed and mixed-effects modelling 

approaches.
• The variable-form taper model with eight estimated parameters fitted the data the best.
• The lowest error for volume prediction was achieved for the fixed-effects taper model.

Abstract
The diameter at any point on a stem and tree volume are some of the most important types of 
information used in forest management planning. One of the methods to predict the diameter at 
any point on a stem is to develop taper models. Black locust (Robinia pseudoacacia L.) occurs 
in almost all forests in Poland, with the largest concentration in the western part of the country. 
Using empirical data obtained from 13 black locust stands (48 felled trees), seven taper models 
with different numbers of estimated parameters were analysed for section diameters both over and 
under bark using fixed and mixed-effects modelling approaches. Assuming a lack of additional 
measurements, the best fitted taper models were used for the prediction of over bark volume using 
both methods. The predicted volume was compared with the results from different volume equa-
tions available for black locust. The variable-form taper model with eight estimated parameters 
fitted the data the best. The lowest root mean square error for volume prediction was achieved 
for the elaborated fixed-effects taper model (0.0476), followed by the mixed-effects taper model 
(0.0489). At the same time, the difference between the volume relative errors achieved based on 
the taper models does not differ significantly from the results obtained using the volume equations 
already available for black locust (two of the three analysed).
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1 Introduction

The southeastern part of the United States is a natural area for the growth for black locust (Rob-
inia pseudoacacia L.). The centre of the range of this tree species is located at altitudes of 150 to 
1500 metres above sea level in Appalachia (Fowells 1965). The species was introduced to Europe 
by Jean Robin (Nowiński 1977). In the initial phase of its introduction, black locust was mainly 
grown as a park tree. The potential distribution of black locust throughout European countries is 
mainly in the United Kingdom, Germany, France, the Netherlands, Belgium, Italy and Switzerland 
(Li et al. 2014). Moreover, black locust is the most widely planted species in Hungary, covering 
23% of the country’s total forest area (Rédei et al. 2012). This species is also important in Turkey, 
where it has been planted over an area of 3000 ha since 1995 (Yüksek 2012), and it is considered 
to be a favourable tree species for soil reclamation and the regeneration of disturbed sites (Bolat 
et al. 2015).

Black locust was brought to Poland in 1806 (Tokarska-Guzik 2005). Currently, the species 
occurs in almost all forests in Poland, with the largest concentration in the western part of the 
country. Black locust stands occupy over 273 000 ha of Polish forests and provide 84 000 cubic 
metres of wood annually (Wojda et al. 2015). One of the reasons for the interest in this species is the 
demand for black locust wood: in areas with a high share of this species, wood demand outweighs 
the supply. In addition, black locust wood is exported from Poland to the Netherlands (Wojda et al. 
2015). Black locust has also been successfully used for over 30 years in the reclamation of areas 
around coal mines and power plants (Wojda et al. 2015; Jagodziński et al. 2018; Horodecki et al. 
2019). To date, the distribution of black locust throughout Europe appears to be mostly limited 
by low temperatures, but global warming might enhance its growth in colder areas (Nadal-Sala 
et al. 2019). In the context of climate change, black locust wood has been utilized in a new struc-
tural system known as the Triakonta Connection System, which is a modular wood-based, carbon 
sequestering system designed to reduce landfill waste (Womer 2012). However, when defining the 
role of this tree species in a given forest ecosystem, it should be remembered that it is an invasive 
tree species (Radtke et al. 2013; Vítková et al. 2017).

Information about the tree stem shape, as well as the volume (whole stem and its various 
assortments), is one of the most important factors used in forest management planning, forest 
operations and the timber industry. One of the possibilities for defining the shapes of trees is to 
develop taper models, which allow the diameter to be determined at any place on the stem. This 
information then enables the calculation of volume, biomass (Brooks et al. 2007) and the amounts 
of various wood products (Dudzińska 2003). One group of taper models are linear models that 
describe the shape of a tree using a certain number of diameters at different relative tree heights 
(Lappi 1986; Socha 2002; Socha and Kubik 2005). A linear model, which was developed based 
on 15 relative tree heights determined for 15 sections of equal lengths in the tree volume, was 
the first Polish taper model (Bruchwald 1980). Notwithstanding, nonlinear models represent the 
largest group of solutions found in the literature. In the simplest case, the shape of a stem can be 
mapped using a single mathematical function (Kozak 1988). This function may be polynomial 
(Munro 1966; Kozak et al. 1969), power (Demaerschalk 1972), trigonometric (Bi 2000; Socha 
2002) or exponential (Biging 1984). It is also possible to use a variable shape equation (Riemer et 
al. 1995), assuming that the shape varies along the tree (Lee et al. 2003). Nonlinear taper models 
composed of two or more segments approximated with different geometric solids are also avail-
able (Max and Burkhart 1976).

The section diameters used to elaborate taper models are characterized by a hierarchical 
structure, which contains information about individual diameters, trees and plots. The mixed-effects 
modelling approach is a possible solution to handle such data (Pinheiro and Bates 2013). The fixed 



3

Silva Fennica vol. 54 no. 5 article id 10351· Bronisz et al. · Taper models for black locust in west Poland

parts of these models allow the data for a typical basic group (e.g., tree or plot) to be modelled, 
whereas the random part describes the difference between each group and a typical value, thus 
providing descriptions of the specific relationships among all groups of the dataset (Mehtätalo 
and Lappi 2020). During taper modelling based on the mixed-effects modelling approach, various 
strategies can be adopted. One possibility is to define random effects on the individual tree level 
(without modelling the autocorrelation). This approach allows the largest possible proportion of 
the between-tree variation to be explained (Diéguez-Aranda et al. 2006; de-Miguel et al. 2012). 
Mixed-effects models also enables to include both: tree and plot grouping level (multilevel mixed-
effect models) into random effects (Lappi 1986; Arias-Rodil et al. 2015). In addition, convergence 
problems should also be considered during taper model fitting (Yang et al. 2009). Other elements 
worth considering are the practical use of the created model (Arias-Rodil et al. 2015). In this case, 
where additional measurements of the section diameter are necessary for the prediction of random 
effects, the predictions can be averaged over the estimated distribution of the random effects. 
Another possibility is to apply fixed effects predictions of the mixed-effect model (de-Miguel 
et al. 2012). However, fixed effects predictions based on the mixed-effect model, assuming that 
random parameters are zero, can lead to larger errors and higher bias for section diameter predic-
tion (Pukkala et al. 2019). Therefore, taking into account practical considerations and obtained 
errors, it is also worth considering the usage of a simple fixed-effects model for taper modelling 
(Arias-Rodil et al. 2015).

Considering the above issues, the objectives of this study were to (i) fit selected taper 
models to the section diameters over bark and under bark as fixed-effects models, (ii) for both sec-
tion diameters, fit the best taper model as the mixed-effects model with tree and plot as grouping 
levels, (iii) compare both fitting strategies for the section diameters over bark and under bark, and 
(iv) compare both strategies for determining the tree volume over bark, considering the available 
volume equations for black locust (Sopp and Kolozs 2000; Moshki and Lamersdorf 2011; Lockow 
and Lockow 2015).

2 Material and methods

2.1 Study site and sample plots

The empirical data were collected from 13 black locust stands located in west Poland (Sulechów, 
Sława Śląska and Gubin forest districts, 52°08’–51°30´N, 15°23’–16°14´E, Fig. 1, Table 1). Sample 
plots were located on oligotrophic sites typical for black locust (i.e., fresh mixed coniferous forest 
and fresh mixed broadleaved forest, according to the Polish forest site classification). The research 
area was located in a transition zone from maritime to continental types within a temperate climate 
(Martyn 2000). The mean annual temperature reaches 10 °C. January is the coldest month with 
an average temperature slightly below –1 °C. The highest average temperature is recorded in July 
(20 °C). The average annual rainfall rarely exceeds 550 to 600 mm.

The borders of the chosen rectangular sample plots were permanently marked in the field. 
The size of each plot was set in such a way that it comprised at least 100 trees. The diameter at 
breast height (DBH) of all live trees (accuracy 0.1 cm) was measured on all plots, as well as at 25 
heights (H) from height sample trees (accuracy 0.01 m), to build a local height-diameter model.
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Fig. 1. Location of black locust sample plots in west Poland.

Table 1. Summary characteristics of the black locust sample plots located in west Poland: 
average stand age (A, years), sample plot area (P, m2), stocking (N, trees ha–1), basal area 
at breast height (BA, m2 ha–1), average diameter at breast height (Dg, cm), and average 
height (Hg, m).

 Minimum Maximum Mean Median Stand. Dev.

A 16 85 50 50 21
P 864 5944 2359 1914 1278
N 167 1134 586 507 304
BA 10.06 40.52 21.73 20.53 7.72
Dg 11.47 43.94 23.94 25.23 9.08
Hg 9.84 27.19 20.3 21.18 5.19

Fig. 2. Diameter at breast height (DBH) distribution (left), height distribution (H, middle) and H-DBH relationship 
(right) of black locust sample trees.
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2.2 Tree level data

At each sample plot, 3 to 6 sample trees representing the whole range of diameter structure were 
chosen and felled. In total, 48 sample trees were used for further analyses (Fig. 2). The height of 
the analysed trees varied from 7.5 m to 27.9 m, and the DBH varied from 8.1 cm to 46.7 cm; the 
mean values of these parameters were 19.99 m and 24.05 cm, respectively (Table 2).

Felled trees were measured section-wise (1 m section length – measurements at 0 m, 1 m, 
2 m, etc.) to obtain their section diameter over bark. Stem discs from the lower end of each sec-
tion were taken to determine the section diameter under bark. As a result, 975 section diameters 
over bark and 792 section diameters under bark were obtained (Fig. 3). In addition, based on the 
section-wise measurements, reference volumes over bark for sample trees were calculated using 
the sectional Smalian’s equation (Eq. 11, Table 2).

Table 2. Characteristics of black locust sample trees. Diameter at breast height 
(DBH, cm), tree height (H, m), section diameter over bark (D, cm), section diam-
eter under bark (d, cm) and reference tree volume over bark (VR, m3).

Minimum Maximum Mean Median Stand. Dev.

DBH 8.1 46.7 24.05 22.98 10.29
H 7.5 27.9 19.99 20.7 5.54
D 0.3 54.8 16.19 15.35 10.13
d 0.15 49.25 13.93 13.30 8.57
VR 0.0212 1.8056 0.5421 0.3959 0.4681

Fig. 3. Black locust sample trees section diameters over bark (left) and under bark (right).
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2.3	 Fixed-effects	taper	models

Considering the practical application of the elaborated taper models, we chose solutions that used 
DBH and H (as independent variables) to define the tree shape, which, as a consequence, translated 
into the possibility of determining its volume. The analysed taper models were fitted in relation 
to squared section diameters. This solution allows to reduce bias for the cross-sectional area and 
volume prediction (Bruce et al. 1968; de-Miguel et al. 2012). Seven candidate taper models, which 
have shown good performance in previous studies (Rojo et al. 2005; de-Miguel et al. 2012; Bronisz 
and Zasada 2019) and have different numbers of parameters (from 2 to 8), were taken into account:
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where D is section diameter over bark (cm), DBH is diameter at breast height over bark (cm), H 
is tree height (m), HD is section height (m), RH is relative height (HD/H), and t is relative breast 
height (1.3/H).

During the first step of the analyses the abovementioned taper models 1–7 were fitted using a 
nonlinear ordinary least squares approach using gnls function from nlme R package (Pinheiro et al. 
2020). Analyses were carried out for both the over bark (D) and under bark (d) section diameters. 
Fitted taper models were compared based on goodness-of-fit measures such as:

● coefficient of determination (R2):

where y is the measured section diameter, y̑  is the modelled section diameter, and y̅ is the mean 
value of the measured section diameter,

● mean error (ME):

where n is the number of section diameters, and
● Akaike information criterion (AIC):

where ˆ2 ( )l  is the logarithm of the likelihood function for the estimated parameter and p is the 
number of model parameters.

2.4	Mixed-effects	taper	models

The best taper models for section diameter over bark and under bark (chosen from models 1–7) 
were fitted using a mixed-effects modelling approach. Given the value of the obtained Akaike 
information criterion (AIC) (Eq. 10), the possibility of defining different random parameters was 
assessed, with a maximum of three parameters on both: trees and plots as grouping levels. Such 
a definition of parameters allowed us to avoid highly correlated random effects and convergence 
problems, while also allowing us to consider both the between-tree and between-plot variation in 
the different parts of the stem (de-Miguel et al. 2012).

In addition, the obtained Pearson residuals alike for fixed-effects and mixed-effects taper 
models were analysed graphically based on their relationships with the section diameter and rela-
tive height. During analyses heteroscedasticity in the residuals was also included. In the case of 
heteroscedastic data, analysing likelihood ratio test and solutions containing various functions and 
predictors, a power-type variance function with tree diameter at breast height as a predictor were 
applied (De-Miquel et al. 2012; Arias-Rodil et al. 2015; Bronisz and Mehtätalo 2020).
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2.5 Tree volume

The reference over bark volumes of sample trees were calculated based on the 1 m section-wise 
Smalian’s equation:

RV l g g g g g g Vs
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where RV is the reference volume (m3), ls is the length of the section (m), g0, gn, g1, g2, g3 and gn–1 
are the basal areas at the beginning and end of individual sections (m2), and Va is the volume of 
the last section (m3).

During volume calculation, the best fixed-effects (first strategy) and mixed-effects taper 
models (second strategy) were used. Given the practical application of the elaborated mixed-effects 
taper model (de-Miguel et al. 2012), it was assumed that additional measurements of section diam-
eter, which are necessary for the prediction of random effects, were not available. Therefore, as a 
part of the second strategy, we predicted volume based on the fixed part of a mixed-effects model 
under the condition that the random effects were equal to zero. For both strategies, the predicted 
stem volume was computed by numerical integration (R-function integrate, Arias-Rodil et al. 2015; 
Mehtätalo and Lappi 2020). The accuracy of such a volume was compared to the reference tree 
volume (RV, Eq. 11), and the volume achieved based on different available equations for black 
locust:
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The basis for the accuracy comparison were:
● a 95% confidence interval (R-function summarySE) for the relative error (RE):

RE V RV
V

�
�

( )15

where RV is the reference volume (m3) and V is the volume (m3) achieved based on elaborated 
taper models (both strategies) and different available equations for black locust (Eq. 12–14).

● root mean square error (RMSE):

RMSE
RV V
nv

�
�� �� 2

16( )

where nv is the number of sample trees.
All analyses were performed using R 3.6.2 software (R Core Team 2020), RStudio 1.2.5033 

(RStudio team 2015), with the ggplot2 (Wickham 2016) and nlme (Pinheiro et al. 2020) packages.
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3 Results

3.1	 Section	diameter	–	fixed-effects	taper	model

For both section diameters over and under bark, the lowest R2 and highest ME and AIC values 
(Table 3) were obtained during fitting the fixed-effects taper model that included three parameters 
(Eq. 3). The highest R2 and the lowest ME and AIC values were achieved for the taper model that 
included eight parameters (Eq. 7). For section diameters over bark those goodness-of-fit measures 
for the best fitted taper model (Eq. 7) equal 0.962, –1.528 and 11 312, respectively (Table 3).

Analysis of the Pearson residuals for the above model (Eq. 7) indicated the occurrence 
of heteroscedasticity (Figs. 4a and 4d). As the section diameter increases, the range of residuals 
obtained increases (Fig. 4a) and decreases with increasing relative height (Fig. 4d). Therefore, 
we modelled the residual variance using a power function with diameter at breast height as the 
predictor (Figs. 4b and 4e). Likewise, likelihood testing indicated that the variance function has a 
significant influence on the model fit (p < 0.001).

Table 3. Goodness-of-fit measures for the analysed fixed-effects taper models for black locust: R2 – coefficient of deter-
mination (Eq. 8), ME – mean error (Eq. 9), and AIC – Akaike information criterion (Eq. 10). Model nr. 1 – Newberry 
and Burkhart 1986, nr. 2 – Biging 1984, nr. 3 – Riemer et al. 1995, nr. 4 – Demaerschalk 1972, nr. 5 – Lee et al. 2003, 
nr. 6 – Muhairwe 1999 and nr. 7 – Kozak 1997.

section diameter over bark 

Model nr. 1 2 3 4 5 6 7

R2 0.929 0.926 0.718 0.933 0.959 0.958 0.962
ME 12.212 12.533 20.327 1.547 3.176 1.535 –1.528
AIC 11916 11955 13261 11859 11392 11404 11312
section diameter under bark

R2 0.925 0.923 0.777 0.928 0.959 0.96 0.965
ME 8.461 8.864 11.682 1.552 4.33 3.229 –1.05
AIC 9225 9250 10093 9197 8754 8737 8643
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For the best model (Eq. 7) it was found that that for both section diameters (over and under 
bark) some of the estimated parameters are not statistically significant (b3, b6 and b7 for section 
diameter over bark and b3, b6 for section diameter under bark). Hence, the selected best taper model 
(Eq. 7) for section diameter over bark was:
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3.2	 Section	diameter	–	mixed-effects	taper	model

The taper model (Eq. 7), as the best fitted to the data, was also elaborated for section diameter over 
and under bark using a mixed-effects model approach. For section diameter over and under bark 
the lowest AIC value and the lack of convergence problems were achieved when three random 
parameters were defined (β1, β2, β3). In addition, it was possible to include between-tree variation 
in the lower, top, and middle parts of the stem (de-Miguel et al. 2012). Notwithstanding, evaluat-
ing the effect of the grouping level using the likelihood test revealed that in the case of section 
diameter over bark, random parameters should be defined not only on the tree, but also on the plot 
grouping level (p < 0.001, Table 4):
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where p refers to the plot grouping level and k refers to the tree grouping level. 
While for section diameter under bark the plot grouping level does not effect of the relation-

ships among all groups of the dataset (p = 0.988, Table 4) and random parameters were defined for 
the tree grouping level only:
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The analysis of the residuals for above models (Eq. 19 and 20) indicated the occurrence 
of heteroscedasticity. Therefore, as in case of fixed-effect models, we modelled the residual vari-
ance using a power function. Likelihood testing indicated that the variance function such that: 
var(eki) = σ2DBHk2δ, where σ2 and δ are the estimated scale and shape parameters for the power 
function, respectively, has a significant influence on the model fit (p < 0.001, Figs. 4c and 4f, Table 4).

Table 4. The parameter estimates and standard errors (in brackets) of the fixed-effects taper model (Eq. 17 and 18) and 
mixed-effects taper model (Eq. 19) for black locust. 

Parameter Fixed-effects taper model Mixed-effects taper model 
section diameter  

over bark
section diameter  

under bark
section diameter  

over bark
section diameter  

under bark

b1 0.962 (0.026) 0.629 (0.057) –1.046 (0.105) –0.917 (0.137)
b2 0.983 (0.008) 1.048 (0.023) 0.926 (0.033) 0.881 (0.072)
b3 - - 0.041 (0.031) 0.081 (0.054)
b4 0.289 (0.013) 0.26 (0.015) 0.262 (0.011) 0.256 (0.009)
b5 –7.643 (0.763) –7.565 (0.772) 9.669 (1.031) 9.483 (0.585)
b6 - - 2.944 (0.641) 3.858 (0.547)
b7 - 2.949 (0.67) –2.041 (0.541) –3.379 (0.814)
b8 0.061 (0.005) 0.047 (0.005) –0.134 (0.017) –0.142 (0.014)

Plot level sd(β1) - - 0.009 -
sd(β2) - - 2.932 -
sd(β3) - - 0.032 -

corr (β1, β2) - - 0.520 -
corr (β1, β3) - - 0.517 -
corr (β2, β3) - - 1 -

Tree level sd(β1) - - 0.012 0.023
sd(β2) - - 0.722 1.911
sd(β3) - - 0.056 0.061

corr (β1, β2) - - 1 0.779
corr (β1, β3) - - 1 0.781
corr (β2, β3) - - 1 1

σ2 - - 0.1152 0.0812

1.345 1.331 1.843 1.823
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3.3 Over bark tree volume

The comparison of the predicted over bark tree volume based on the elaborated fixed  
(Eq. 17) and mixed-effects taper models (Eq. 19) to the reference volume (Eq. 11) revealed that the 
obtained values were similar. A high correlation coefficient between the predicted and measured 
volumes was achieved both: for the fixed-effects model (0.995) and the mixed-effects approach 
(0.9951, Fig. 5).

The fixed-effects taper model (Eq. 17) was characterized by the narrowest 95% confidence 
interval achieved for the relative error (closely followed by the mixed-effect taper model, Eq. 19, 
Fig. 6). Among all analysed methods of determining the volume, equation (12) had the widest 
confidence interval for the relative error and significantly different from other models (Fig. 6).

The lowest root mean square error for volume prediction (0.0476 m3) was obtained for the 
elaborated fixed-effect taper model (Eq. 17, Fig. 6). In the case of the mixed-effect taper model, 
this error was slightly larger and amounted to 0.0489 m3. Other available equations for black locust 
allow the prediction of volume with a larger root mean square error – the largest (0.1695 m3) in 
the case of equation (12, Fig. 6).

Fig. 5. Relationship between the reference (true) tree volume and predicted tree volume using the fixed-effects taper 
model (Eq. 17, left) and mixed-effects taper model (Eq. 19, right) for black locust.

Fig. 6. 95% confidence intervals for the relative errors achieved during volume prediction 
based on all analysed volume equations for black locust. Model 17 – fixed-effects taper model 
(Eq. 17), Model 19 – mixed-effects taper model (Eq. 19), Model 12 – Moshki and Lamersdorf 
2011 (Eq. 12), Model 13 – Sopp and Kolozs 2000 (Eq. 13), Model 14 – Lockow and Lockow 
2015 (Eq. 14).
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4 Discussion and conclusions

The elaborated taper models make it possible to obtain the section diameters (at any point on a stem) 
over and under bark. The goodness-of-fit measures indicated that taper model (Eq. 7) performed 
the best for both section diameters among all the analysed functions. The model required four 
independent variables: diameter at breast height over bark, tree height, relative height and relative 
breast height. In addition, this model included eight estimated parameters, which is the largest 
number analysed. The results indicate that the greater the number of estimated parameters is, the 
better the elaborated models fit to the data. In this case, however, for a small number of parameters, 
similar to the results by de-Miguel et al. (2012), this trend is not maintained. The results obtained 
indicate that the worst fitted model (Eq. 3) included three estimated parameters, and the models 
with two parameters (Eqs. 1 and 2) better described the shape of black locust than model (Eq. 3). 
Notwithstanding, as in the case of de-Miguel et al. (2012) research, not all estimated parameters 
of the best-fit model proved to be statistically significant. It is also worth mentioning the multi-
collinearity, which is defined as a high degree of correlation among independent variables (Rojo 
et al. 2005). Kozak (1997) claims that it does not substantially affect the predictive ability of the 
taper model. However, when defining random effects, model parsimony should also be considered 
(Cieszewski and Strub 2018).

The best fitted taper model (Eq. 7), similar to models (Eq. 5) and (Eq. 6), was defined as a 
variable-form function. Variable-form functions are simple continuous functions that describe the 
longitudinal stem shape with a varying exponent from base to top to account for neiloid, paraboloid 
and conic forms (Burkhart and Tomé 2012). Those types of taper models were first elaborated in 
British Columbia from 33 species groups (Kozak 1988), and these models are still evolving using 
different fitting methods (Socha et al. 2020). In addition, Zheng et al. (2017) indicated that vari-
able taper equations can sometimes provide more flexible descriptions of tree profiles than simple 
taper equations, especially in the lower part of a stem. However, a disadvantage of variable-form 
taper equations is that they cannot be analytically integrated to calculate total stem or log volumes 
(Muhairwe 1999; Diéguez-Aranda et al. 2006). Moreover, Zheng et al. (2017) claimed that those 
taper models suffered from statistical complexity, resulting in difficulty in being understood and 
correctly used by forest managers.

The taper model (Eq. 7) was developed by Kozak based on data of western hemlock trees 
collected from Coastal British Columbia (Kozak 1997). It contains the constant relative breast 
height (t), and its exponent was created in such a way that the intercorrelations between the inde-
pendent variables are low. De-Miguel et al. (2012) recognized Kozak’s model as being the best 
one among 33 analysed taper functions to predict the volume of Brutia pine (Pinus brutia Ten.). 
In addition, the authors evaluated the impact of individual estimated parameters on modelling the 
shape of the tree at different places on the stem. This information allows assessment of the impact 
of modifications to individual parameters e.g. when defining random effects.

Taper models can be elaborated for the use of the mixed-effects modelling approach. One of 
the main advantages of this solution is the possibility of implementing random effects during feature 
prediction, using a small amount of additional measurements in a plot (Pinheiro and Bates 2013; 
Bronisz and Mehtätalo 2020). In this context, Arias-Rodil et al. (2015) indicated that additional 
section diameters measured between 40% and 60% of the total tree height showed the greatest 
improvement in volume and diameter predictions. However, obtaining additional measurements, 
i.e., section diameters (especially under bark), is troublesome in practice. One of the possibilities 
of potentially using the mixed-effects modelling approach is the possibility of non-invasively 
obtaining additional data for the prediction of random effects using laser dendrometers (Cao and 
Wang 2011). Another option, which allows the prediction of random effects without additional 
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measures, is computing the mean predictions from a mixed-effects model over the distribution of 
random effects (de-Miguel et al. 2012). However, to determine a solution that is simple to use in 
practice, fixed-effects predictions under the assumption that the random effects equal zero remains.

In the case of our research, the use of elaborated fixed-effect taper model (Eq. 17) better 
described the section diameter, which translates into more accurate volume prediction than fixed 
effects of the elaborated mixed-effects taper models (Eq. 19). Similar to our results, Arias-Rodil et 
al. (2015) or Pukkala et al. (2019) claim that if additional diameter measurements are not available, 
the fixed-effects modelling approach exhibits an advantage for tree volume prediction. Moreover, 
de-Miguel et al. (2012) points to another possibility. Assessing three prediction strategies for taper 
model elaborated by Kozak (Eq. 7, Kozak 1997) authors claim that strategy 3, calculating a mar-
ginal prediction based on the mixed-effects model by averaging the predictions over the estimated 
distribution of random effects, is recommendable for practical use in volume prediction.

In general, mixed-effect models are used mainly for two reasons: (i) to take into account the 
dependence of observations from some groups and (ii) to allow group-level prediction. Having 
regard to the above aspects, during our analyses we took into account two grouping levels: tree 
level and plot level (Lappi 1986). It turned out that only in the case of diameter over bark consid-
ering both grouping levels to create two-level mixed-effect model is beneficial (Eq. 19). Whereas 
Arias-Rodil et al. (2015), analysing both grouping levels, points that tree level explained much 
more variability in data than the plot level which reflects in our results on diameter under bark.

One of the main purposes of the elaborated taper models is the ability to predict the volume of 
trees (Burkhart and Tomé 2012). These models are valuable alternatives to the formulas developed 
using the DBH and tree height as independent variables (e.g., Eqs. 12–14). Likewise, the difference 
between the volume REs achieved based on the elaborated taper models (Eqs. 17 and 19) does 
not differ significantly from the results obtained for different volume equations available for black 
locust (e.g. Eq. 14). Model (Eq. 14) was developed in Brandenburg (eastern part of Germany) and 
was the basis for the development of German volume tables for black locust (Lockow and Lockow 
2015). It can be assumed that one of the reasons for the similarities obtained is the close location 
of the sample plots to the data collection locations used by the German authors. Despite the lack 
of differences in the volume prediction errors, the advantage of taper models lies in the fact that 
they can be used to predict the section diameter or volume of any part of the stem (Kozak et al. 
1969) and, as a result, they can be used to obtain the volumes of any product possible to be made 
from the harvested timber.
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