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Highlights
• Models were developed that predict basal area growth for Scot pine and Norway spruce 

stands in Sweden.
• There were no apparent differences in the ability to predict basal area development between 

a linear regression model for basal area growth or a compatible growth and yields model for 
basal area.

• The model based on data from the 80s had similar performance as the models with data from 
the 2000s, showing that both can reliably be used to predict forest development.

Abstract
Models that predict forest development are essential for sustainable forest management. Con-
structing growth models via regression analysis or fitting a family of sigmoid equations to 
construct compatible growth and yield models are two ways these models can be developed. In 
this study, four species-specific models were developed and compared. A compatible growth and 
yield stand basal area model and a five-year stand basal area growth model were developed for 
Scots pine (Pinus sylvestris L.) and Norway spruce (Picea abies (L.) Karst.). The models were 
developed using data from permanent inventory plots from the Swedish national forest inventory 
and long-term experiments. The species-specific models were compared, using independent data 
from long-term experiments, with a stand basal area growth model currently used in the Swedish 
forest planning system Heureka (Elfving model). All new models had a good, relatively unbiased 
fit. There were no apparent differences between the models in their ability to predict basal area 
development, except for the slightly worse predictions for the Norway spruce growth model. The 
lack of difference in the model comparison showed that despite the simplicity of the compatible 
growth and yield models, these models could be recommended, especially when data availability 
is limited. Also, despite using more and newer data for model development in this study, the cur-
rently used Elfving model was equally good at predicting basal area. The lack of model difference 
indicate that future studies should instead focus on model development for heterogeneous forests 
which are common but lack in growth and yield modelling research.
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1 Introduction

Growth and yield models are essential for predicting future states of forest stands and guiding 
well-informed management decisions. There are different ways to construct these models, and there 
are many different model types, differing in complexity, management accounted for, data require-
ments, and ease of use. Growth models using linear regression have long been common worldwide 
(Weiskittel et al. 2011). A reason for this is the accessibility and reliability of the method. Fitting a 
simple or multiple linear regression with inventory data can produce accurate models that predict 
the development of stands with high precision (Vanclay and Skovsgaard 1997). Also, the ability 
to easily add variables that take stand management into account makes this type of modelling a 
powerful tool for producing predictive results (Weiskittel et al. 2011; Fahlvik et al. 2014).

Compatible growth and yield models, where the growth model is a derivation of the yield 
model, are an alternative to traditional separate models of growth and yield, where yield differ from 
accumulated growth predictions based on the same data. Compatible functions were first published 
by Buckman (1962) and Clutter (1963). Such models are fitted with a family of sigmoid equations 
to data from repeated measurements of permanent sample plots where the equation explains a 
biological growth pattern. These age-based models are robust and easy to use but may lose some 
predictive ability if only time and tree data are included as explanatory variables. There are also 
ways of fitting compatible growth and yield equations with management, climatic, physiological, 
and soil-based variables to increase prediction precision (Bailey and Ware 1983; Methol 2001; 
Mason et al. 2007; Gyawali and Burkhart 2015).

An advantage of using compatible growth and yield models that are path invariant is to reduce 
error accumulation and precision loss in longer prognoses (Holm 1981; Kangas 1997). Growth 
models are often built to run for a short period, then updated with newly predicted independent 
variables and run again. When making long-term projections, model prediction error gets larger 
with every successive run. A path invariant model can calculate a longer period arriving at the 
same result with or without successive steps and should, therefore, decrease error accumulation 
(Weiskittel et al. 2011).

In Sweden and other parts of the world, a tradition of regression analysis has been the domi-
nant approach in growth and yield modelling. Most of the models used to predict stand (Eko 1985; 
Elfving 2010) and tree development (Soderberg 1986; Elfving 2010) are growth models derived 
from regression analysis. The stand growth models used in Sweden today have high precision when 
predicting forest growth, both short- and long-term (Fahlvik et al. 2014). However, these models 
often require many input variables that make them difficult to apply in situations with limited data 
availability. Since they are not path invariant and model growth in five-year periods, there is also a 
risk of error propagation over long-term predictions. Therefore, new models need to be developed 
that are easier to apply and do not have the same risk of error accumulation.

The objectives of this study were to construct new species-specific basal area models for Scots 
pine (Pinus sylvestris L.) and Norway spruce (Picea abies (L.) Karst.) stands in Sweden, based 
on the compatible growth and yield modelling approach. We also developed new species-specific 
basal area growth models for Scots pine and Norway spruce using linear regression, inspired by 
Elfving’s growth model currently used in the Swedish forest planning system Heureka (Elfving 
2010; Wikström et al. 2011). These new models were compared with one another and with Elfving’s 
basal area growth model. The aims of the model comparison were to; i) evaluate their short- and 
long-term prediction precision and whether models developed using the compatible growth and 
yield modelling approach had better long-term predictions, and ii) whether models developed using 
data from the 2000s performed differently from models developed with data from the 1980s. The 
comparison was made using an independent data set where both short- and long-term precision were 
evaluated. This study is partly based on the doctoral dissertation by Martin Goude (Goude 2021).
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2 Materials and methods

2.1 Data description

Data from the Swedish national forest inventory (NFI) and Swedish long-term forest experiments 
were used for model fitting (Table 1). The NFI data were based on permanent plot inventories of 
Swedish forests, in which measurements started between 1983 to 1987. The NFI data consists of 
survey plots laid out in a systematic grid to cover all Swedish forests. Because its survey plots, 
the stand history before first measurement is unknown. All plots were measured once every five 
years, except from 1993 to 2002 when the remeasurement period varied between 5 and 10 years. 
On each occasion, all trees within a plot radius of 10 m with a diameter at breast height (DBH, 
1.3 m) ≥10 cm were measured with callipers. Trees with DBH larger than 4 cm and smaller than 
10 cm were measured in smaller areas that changed over time (Fig. 1). Trees with DBH below 4 cm 
were not included in this study. Starting from the second measurement period in 1988, the cause of 
absence of every missing tree previously measured was also recorded along with previous damage 
and management of the plot. In every plot, information on stand and site properties like soil texture, 
soil water, and ground vegetation was also recorded. Details are available in Fridman et al. (2014).

The long-term forest experiment data consisted of permanent plots in Scots pine, and Norway 
spruce dominated stands used for experiments on stand establishment, spacing, and thinning (Elf-
ving and Kiviste 1997; Nilsson et al. 2010). The stand history is well documented in most cases, 
and plots are regenerated through planting, direct seeding, or natural regeneration. Because the 
experiments are more carefully managed, they are more homogeneous than the average produc-
tion forest in the NFI data, both in terms of species composition and structure. The plot size varied 
between 0.02 ha and 0.2 ha (0.06 ha on average).

Table 1. Description of the data used for model fitting and model comparison. Data sources were Swedish National Forest In-
ventory (NFI) and Swedish long-term forest experiments (LFE). Mean values for site index, basal area (m2 ha–1), stem number 
(stems ha–1) and age (years) are presented for each data set with standard error (SE). 

Model Model 1 Model 2 Model 3 Model 4 Model comparison

Species Scots pine Norway spruce Scots pine Norway spruce Norway spruce Scots pine
Period length 
(years)

1–36 1–36 5 5 3–11 2–14

Measurement 
years
(NFI/ LFE)

1993–2017/  
1960–2017

1993–2017/  
1960–2017

2003–2017/  
-

2003–2017/  
-

-/  
1966–2007

-/  
1966–2007

Fitting Validation Fitting Validation Fitting Validation Fitting Validation

Data set M1F M1V M2F M2V M3F M3V M4F M4V GGspruce GGpine

Number of 
plots

1288 634 552 284 2059 1029 1422 708 10 10

Number of 
periods

5199 2599 3082 1541 3307 1654 2191 1095 50 50

Mean site 
index

25  
(0.1)

24  
(0.1)

28  
(0.1)

28  
(0.1)

22  
(0.1)

22  
(0.1)

26  
(0.1)

26  
(0.2)

34  
(0.2)

22  
(0.5)

Mean basal 
area
(m2 ha–1)

19.8 
(0.2)

17.2 
(0.2)

36  
(0.3)

21.5  
(0.4)

18.4  
(0.15)

17.8 
(0.2)

24  
(0.2)

24  
(0.3)

36.5  
(1.2)

25  
(0.7)

Mean stem 
number
(stems ha–1)

1544 
(11.2)

1621 
(20.8)

2380 
(16.1)

1839  
(37.7)

950  
(11.5)

930 
(16.7)

1149 
(16.6)

1149 
(22.2)

1589  
(92.1)

1424  
(72.9)

Mean age
(years)

41  
(0.2)

39  
(0.3)

37  
(0.2)

35  
(0.4)

63  
(0.6)

64  
(0.9)

68.8 
(0.8)

67  
(1.1)

43  
(1.1)

59  
(1.5)
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For the basal area growth and yield models for Scots pine (Model 1) and Norway spruce 
(Model 2), yield data or total basal area (m2 ha–1) was used from both the Swedish long-term 
experiments between 1960 and 2017, and Swedish NFI between 1993 and 2017 (Table 1). This 
was possible because this modelling approach allows for various growth period lengths. Including 
measurements with different interval lengths should result in a model that makes better long-term 
projections (Lee 1998). The used period lengths were 5 to 20 years for the Swedish NFI data and 
1 to 36 years for the long-term experiment data. Because total production (including self-thinning 
and removals in thinnings) was modelled in Model 1 and Model 2, only permanent plots with at 
least one measurement before the first thinning were used for model fitting of Model 1 and Model 2. 
Thus, 836 (4623 periods) Norway spruce plots and 1922 (7798 periods) Scots pine plots were used.

Fig. 1. Permanent plot design for Swedish national forest inventory (NFI) from 1983 to present 
day. Large plot = all trees with a diameter at breast height (DBH, 1.3 m) ≥ 10 cm was measured 
with callipers. Small plot = all trees with a DBH < 10 cm and ≥ 4 cm was measured with cal-
lipers.
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For the basal area growth models for Scots pine (Model 3) and Norway spruce (Model 4), 
five-year basal area growth (m2 ha–1 5-years–1) of all living trees present at the beginning and 
end of the period was used. Data came from NFI permanent plots measured from 2003 to 2017 
(Table 1). These were remeasured on 5-year intervals and had a consistent plot size and layout 
(Fig. 1). There was a total of 2130 (3286 periods) Norway spruce plots and 3088 (4961 periods) 
Scots pine plots. The new growth models were inspired by Elfving’s growth model currently used 
in the Swedish forest planning system Heureka (Elfving 2010; Wikström et al. 2011). The new 
growth models were created using newer data to see if models based on NFI data from the 2000s 
performed differently from Elfving’s model using NFI data from the 1980s.

For model comparison, an independent data set was used (GG) consisting of 20 sites (10 Scots 
pine and 10 Norway spruce) from a thinning and fertilisation experiment established 1966–1983 
(Nilsson et al. 2010). The experimental plots were established at the time of first thinning when the 
top height was 12–18 m. The experiment consisted of pure stands of Norway spruce and Scots pine. 
The Norway spruce stands were located in southern and central Sweden (56.1°N–63.1°N), and the 
Scots pine stands were located from the county of Scania in the south to Norrbotten in the north 
(56.2°N–67.3°N) (Fig. 2). The plot size was 0.1 ha on average. The treatments that were applied 
were different thinning and fertilisation treatments. After establishment, plots were remeasured at 
each thinning and occasionally in between. The plots used in this study came from two treatments. 
Treatment A, included 3 to 6 thinnings with a mean thinning grade of 22% for Norway spruce, and 
3 to 4 thinnings with a mean thinning grade of 26% for Scots pine. Treatment I was the untreated 
control. These treatments were chosen because models should be tested on both unmanaged and 
managed forests. These treatments were also the most common among the different sites and had 
long growth records.

Fig. 2. Locations of the plots used for model fitting and validation for (a) growth and yield model fitting (Model 1 and 
Model 2; 1288 Scots pine plots and 552 Norway spruce), (b) growth and yield model validation (Model 1 and Model 2; 
634 Scots pine and 284 Norway spruce), (c) growth model fitting (Model 3 and Model 4; 2059 Scots pine and 1422 
Norway spruce), and (d) growth model validation (Model 3 and Model 4; 1029 Scots pine and 708 Norway spruce).
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2.2 Data management and selection

Data were sorted and processed before model fitting. In the long-term experiment, the only nec-
essary pre-processing was adjusting basal area increment to the time of the year the plots were 
measured in different revisions (see details below) and removing outlier plots. The outlier plots 
had either negative or extremally high (around three times) total basal area development compared 
to the growth trends of plots with similar stand and site conditions in the data. In contrast, the NFI 
data were in tree list form and needed rigorous sorting and management before model fitting. Here 
follows a description of the steps used to process the NFI data.

Age was not measured for every callipered tree but was estimated on a plot level by 
coring two trees outside the 10 m radius permanent plot. The cored trees had a DBH as close 
to the quadratic mean diameter of the plot as possible. These age estimates were not always 
consistent between measurements. Therefore, it was necessary to compute an age that was con-
sistent with time between measurements. The new age was calculated for each plot by taking 
every plot age from each measurement and calculating backwards to when the plot was first 
measured. The age at first measurement (Ai) for individual plots was calculated using the fol-
lowing equation:

A A Y Yi m i� � �� �� � ( )1

where A is estimated plot mean age, Ym was year of measurement, and Yi was year of initial 
measurement. Age at first measurement was calculated for every plot measurement resulting in a 
maximum of six Ai values for each plot. An average of the backtracked ages was created and set 
as the initial age of the plot when it was first measured (agestart):

age A
nstart �

� 1
2( )

where n is the number of estimated ages per plot. To get the age at a particular time, the number 
of years from the plot’s agestart was added. For example, a plot first measured in 1983 yielded an 
agestart of 23. The age in 2003 would then be 23 + 20 = 43 years.

Because plots were not measured consistently at the same time of the year, growth needed 
to be adjusted between two measurements to the actual period length. For example, if a plot was 
measured in spring 2003 and late summer 2008, the real number of growing seasons was closer 
to six than five. An adjustment to account for the different measurement timings was applied by 
calculating how far into the growing season the measurements were made by estimating the com-
pletion of annual rings using the following equation (Elfving 2010):

Ring
x

�
� � ��

�
�

�
�
�

�

�
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�
�
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1 5 10
100

3

exp
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where Ring is the degree of completion of an annual growth ring when the measurement was made 
(0 < Ring < 1) and x is the number of days past the growing season’s start. Regardless of location, 
the ring growth season was assumed to last 100 days (i.e. May 20 to August 29) (Valinger 1992; 
Soderberg et al. 1993; Elfving 2010). Ring was computed in both measurement years, and growth 
was adjusted so that the number of growing seasons would match the number of years between 
measurements. For example, if recorded growth was 6 m2 ha–1 during 5.4 growth seasons between 
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2003 and 2008, the adjusted growth for five seasons would be (6/5.4)×5 = 5.56 m2 ha–1. This 
adjustment was done for the NFI and long-experiment data.

There was also an issue with ingrowth for the NFI plots caused by the inventory design 
(Fig. 1), where trees with a DBH below 10 cm were being measured in a smaller plot compared 
to trees with a DBH equal or larger than 10 cm. This resulted in trees suddenly appearing in the 
large plot (ingrowth), causing artificial jumps in basal area. We addressed this issue by using the 
trees present at the end of the period with a diameter larger than 10 cm to predict diameter at the 
beginning of the period when the diameter was smaller than 10 cm. These functions estimated 
diameter at the beginning of the period based on diameter at the end of the period, age, and site 
index. Using this method, trees that grew into the larger size class by the end of the period that 
were not measured in the small plot were assigned a diameter at the beginning of the period. Basal 
area was then calculated by summing basal area of trees with DBH larger than 10 cm measured 
in the big plot, DBH between 4 and 10 cm measured in the small plot, and DBH between 4 and 
10 cm estimated in the big plot.

A further issue related to ingrowth was trees growing from a DBH below 10 cm to a DBH 
equal to or larger than 10 cm during a growth period. This initially caused both artificial increases 
and decreases in basal area because the same tree would be divided by a different plot area when 
calculating basal area per ha (m2 ha–1). To avoid these problems, the plot area a tree had at the end 
of the period was used to calculate its basal area per ha at the period’s start as well.

Plot thinning was inferred from harvested trees. First, basal area of the harvested trees before 
removal was calculated. This basal area was then compared to the total basal area before thinning 
to get a thinning grade (percent of initial basal area removed, Gremoved/Gbefore). The thinning grade 
was compared to the NFI’s stand management classification to select the removals resulting from 
thinning. The comparison showed that most removals classified as thinning had a removal between 
10 and 60%, with a 35% mean. The removals were also compared to natural mortality and final 
felling, which mainly occurred below 10% and above 60%, respectively. From this analysis, remov-
als over 60% were classified as harvest/final felling and below 10% as no management/natural 
mortality. Removals larger or equal to 10% and lower or equal to 60% were classified as thinnings.

Not all the available data were used in the model fitting process. Instead, the model fitting 
was restricted to plots where, at the beginning of the period;

• The proportion of basal area was ≥ 70% of either Norway spruce or Scots pine with no 
restrictions on the remaining 30%

• Mean tree height ≥ 5 m
• Plot age ≥ 10 years
• No harvest during the current or two previous growth periods

There were also specific restrictions for each model on top of these general restrictions used 
for both the Swedish NFI and long-term experiment data. For the growth models (Model 3 and 
Model 4), no thinning was allowed during the five-year growth period. The reason was that the 
five-year growth should be the total growth of all living trees present at the beginning and end of 
the period. For Model 1 and Model 2 using total basal area, the selected plots had a height below 
10 m the first time they were measured. This height restriction allowed for a more accurate total 
basal area production.
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2.3 Modelling

2.3.1 Compatible growth and yield model

When fitting the compatible growth and yield models (Model 1 and Model 2), two-thirds of the 
selected data was used for model fitting, and the rest was used for model validation. The best fit for 
both Scots pine and Norway spruce came with the Schumacher 2 polymorphic function (Schum-
acher 1939). The shape of the Schumacher equation was augmented by initial plot stem number 
before thinning to account for the effect of stem density on basal area development:

G e
G t

t
a t

t

bSTc bSTc

2

11
1

2

1

2
4�

� ��
�
�

�
�
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�
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�

�
��

�

�

�
��

log

( )

where G2 is basal area (m2 ha–1) at period end, G1 is basal area (m2 ha–1) at period start, t1 is age 
at period start, t2 is age at the end of the period, and ST is initial stem number (stems ha–1) before 
thinning, a, b, and c are parameters to be estimated, and log is the natural logarithm. The best 
model was chosen by analysing normality and bias of the residuals and minimising root mean 
square error (RMSE). To reduce the effect of autocorrelation, parameter significance was checked 
by fitting the models to a random sub-sample containing one interval per plot. The models were 
fitted using the nls, nls2, or nlsLM functions in R, from the lme4, nls2 (Grothendieck 2013), and 
minpack.lm (Elzhov et al. 2016) packages. All modelling and statistics in this study were computed 
with the statistical software R (version 3.6.1) (R Core Team 2016). Model validation was done by 
predicting basal area using the one-third validation data (Table 1) and comparing precision and 
bias of predicted basal area against the observed basal area.

2.3.2 Growth models

The selected data were randomly divided into two-thirds for model fitting and one-third for model 
validation when fitting Model 3 and Model 4. Linear mixed effects models were used in the lme4 
package (Bates et al. 2015), when determining variable significance to account for the random 
effects of site because of multiple measurements on each site. Only significant variables were kept 
in the final models, and VIF values were evaluated to exclude variables with severe collinearity 
with other variables (VIF > 10). We used the lmerTest package (Kuznetsova et al. 2017) to generate 
p-values for the lmer output, and the MuMIn package (Barton, 2018) to calculate R2 for the mixed 
models. Some variables were transformed using scaled power transformations (Cook and Weisberg 
1999) to improve linearity and fulfil the assumptions of normality and homoscedasticity. To find 
the best transformations, the distributions of the independent variables were analysed using the 
SPTLambda function in R. Since the response variables were log-transformed using the natural 
logarithm, the models needed to be corrected for transformation bias (Vanclay and Skovsgaard 
1997). The correction factor from Baskerville (1972) accounted for this bias. Variables used in the 
final growth models (Eq. 5) are presented in Table 2. The validation of the models was done by 
predicting basal area growth using the one-third validation data (Table 1) and comparing precision 
and bias of predicted growth against observed growth.

where Y is the dependent variable log(G_growth), the natural logarithm of basal area growth over 
five years (m2 ha–1 5-years–1), b0 is intercept, b1–bk is estimated coefficients (Table 5), x1–xk is 
independent variables (Table 2), and ε is model error.

0 1 1 2 2 ... (5)k kY b b x b x b x      
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To get an indicator of site fertility, a vegetation index was used (veg-index). This index was 
based on the Swedish NFI vegetation-type classification and ranged between –5 and +4 (Elfving 
2010). Each vegetation class is given an index that reflects site fertility (Table 3).

Table 2. Definition of variables used in model fitting and validation. Model 1 = basal area growth and yield model 
(m2 ha–1) for Scots pine in Sweden, Model 2 = basal area growth and yield model (m2 ha–1) for Norway spruce in Swe-
den, Model 3 = basal area growth model (m2 ha–1 5-years–1) for Scots pine in Sweden, and Model 4 = basal area growth 
model (m2 ha–1 5-years–1) for Norway spruce in Sweden.

Variable Definition Included in model

t1 Age at period start (year) Model 1, Model 2, 
Model 3, Model 4

t2 Age at period end (year) Model 1, Model 2
ba Basal area at period start (m2 ha–1) Model 3, Model 4
G1 Total basal area at period start (m2 ha–1) Model 1, Model 2 
G2 Total basal area at period end (m2 ha–1) Model 1, Model 2 
stem Stem number (stems ha–1) at the start of the period Model 3, Model 4
ST Initial stem number (stems ha–1) before thinning Model 1, Model 2
veg Ground vegetation type index (Table 3) Model 3, Model 4
thinn1 The thinning grade (Gout/Gbefore) of a thinning performed one period ago. Gout = 

removed basal area in thinning. Gbefore = basal area before thinning
Model 3, Model 4

thinn2 The thinning grade (Gout/Gbefore) of a thinning performed two periods ago Model 3, Model 4
propspruce Norway spruce proportion of the total basal area (0–1) Model 3, Model 4
moist 1 if the soil moisture class is classified as moist, else 0 Model 4
tsum Temperature sum(day-degrees > 5 °C), calculated from altitude and latitude (Odin et 

al. 1983), divided by 1000 
Model 3, Model 4 

peat 1 if the soil is classified as peat, else 0 Model 3
depthind 1 if the soil depth is <=0.5 m, else 0 Model 3

Table 3. Ground vegetation type index (veg) variable definition. Veg-type was the 
classification use by the Swedish NFI and the veg-index is the veg variable used in 
Model 3 = basal area growth model (m2 ha–1 5-years–1) for Scots pine in Sweden, 
and Model 4 = basal area growth model (m2 ha–1 5-years–1) for Norway spruce in 
Sweden.

Veg-type classification (Swedish) Veg-type classification (English) Veg-index

Högört utan ris Rich-herb without shrubs 4
Högört med ris/blåbär Rich-herb with shrubs/bilberry 2.5
Högört med ris/lingon Rich-herb with shrubs/lingonberry 2
Lågört utan ris Low-herb without shrubs 3
Lågört med ris/blåbär Low-herb with shrubs/bilberry 2.5
Lågört med ris/lingon Low-herb with shrubs/lingonberry 2
Utan fältskikt No field layer 3
Bredbl. gräs Broadleaved grass 2.5
Smalbl. gräs Thinleaved grass 1.5
Carex ssp.,Hög starr Sedge, high –3
Carex ssp.,Låg starr Sedge, low –3
Fräken Horsetail, Equisetum ssp. 1
Blåbär European blueberry, bilberry 0
Lingon Lingonberry –0.5
Kråkbär Crowberry –3
Fattigris Poor shrub –5
Lavrik Lichen, frequent occurrence –0.5
Lav Lichen, dominating –1
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2.4 Model comparison

In the model comparison, the new models created in this study were applied to an independent 
data set. The main basal area growth model (Elfving) used in Heureka was also included in the 
model comparison. The Elfving model is a linear regression model predicting 5-year basal area 
growth (m2 ha–1 5-years–1) for stands of Scots pine, Norway spruce, and silver birch (Betula pen-
dula Roth) in all of Sweden. It was developed using permanent plots from the Swedish NFI, first 
measured 1983–1987 and then remeasured 5 years later, 1988–1992. The parameters included in 
the model are presented in the appendix (Supplementary file A1: Table A.1, available at https://
doi.org/10.14214/sf.10707). For more information about the model, see Elfving (2010).

Model comparison was performed by running the models from the first measurement and 
the following five growth periods. The models were used to estimate total basal area (m2 ha–1), 
including mortality and thinning removals. Since net basal area was used in Model 3, Model 4, 
and the Elfving model, mortality was estimated using the mortality function from Siipilehto et al. 
(2020). The length of model comparison was different for different plots, with 34–40 years for 
Scots pine and 27–34 years for Norway spruce (Table 1). The period lengths varied between 2 to 
14 years (average 7 years) and 3 to 11 (average 6 years) respectively. For Scots pine, measurements 
came from between 1969 and 2015, and for Norway spruce, between 1966 and 2007. The different 
models were compared using residual analysis to determine the precision and bias of predictions.

3 Results

3.1	Model	fitting

The fitted growth and yield models showed a good and relatively unbiased fit against the NFI 
data with similar patterns for both species when plotted against fitted basal area (Fig. 3 and 4) and 
other predictor variables (Suppl. file A1: Fig. A.1 and A.2). The Scots pine model (Model 1) had a 
better fit (RMSE (m2 ha−1) = 1.404) to its data compared to the model for Norway spruce (Model 
2; RMSE = 2.507) (Table 4). The validation showed good and relatively unbiased residuals when 

Fig. 3. Residual basal area for Model 1 (Scots pine). a) residuals for the fitted model against 
fitted basal area (m2 ha–1) using data set M1F, with data from the Swedish national forest inven-
tory and long-term experiments. b) residuals for the model validation against predicted basal 
area (m2 ha–1) using data set M1V, with data from the Swedish national forest inventory and 
long-term experiments. The blue lines show the trend in the residuals.

https://doi.org/10.14214/sf.10707
https://doi.org/10.14214/sf.10707
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Fig. 4. Residual basal area for Model 2 (Norway spruce). a) Residuals for the fitted model 
against fitted basal area (m2 ha–1) using data set M2F, with data from the Swedish national forest 
inventory and long-term experiments. b) residuals for the model validation against predicted 
basal area (m2 ha–1) using data set M2V, with data from the Swedish national forest inventory 
and long-term experiments. The blue lines show the trend in the residuals.

Table 4. Estimated parameters for the growth and yield models and model root mean squared error (RMSE; 
m2 ha–1) for Scots pine (Model 1) and Norway spruce (Model 2) in Sweden. All estimated parameters were 
significant at p < 0.05.

Model RMSE (m2 ha–1) a b c

Model 1 Fitted model 1.404 Estimate 4.822 0.151 0.224
SE 0.017 0.007 0.007

Validation 1.472

Model 2 Fitted model 2.507 Estimate 5.113 0.328 0.119
SE 0.018 0.022 0.009

Validation 2.279

Fig. 5. Predicted total basal area (m2 ha–1) over age (years). a) red lines show Model 1 (Scots pine) when basal area is 
65, 50, 35, 20 and 5 m2 ha–1 at 60 years. Light grey lines represent model fitting data (M1F), and dark grey lines repre-
sent validation data (M1V). Initial stem number was set to 2000 stems ha–1. b) blue lines show Model 2 (Norway spruce) 
when basal area is 80, 65, 50, 35, 20 and 5 m2 ha–1 at 60 years. Light grey lines represent model fitting data (M2F), and 
dark grey lines represent validation data (M2V). Initial stem number was set to 2000 stems ha.
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The growth models for Scots pine (Model 3) and Norway spruce (Model 4) contained similar 
explanatory variables (Table 5). The most important variables were age at the beginning of the 
period (age1), basal area at period start (ba), and ground vegetation class (veg). The residual plots 
of the two growth models where the residuals were plotted against fitted basal area growth (Fig. 6 
and 7) and other predictor variables (Suppl. file A1: Fig. A.3 and A.4) showed a good and relatively 
unbiased fit. The validation showed a similar pattern to the model fitting for both growth models 
when plotted against predicted basal area (Fig. 6 and 7) and other predictor variables (Suppl. 
file A1: Fig. A.3 and A.4).

Table 5. Statistical output of basal area growth models for Scots pine (Model 3) and Norway spruce (Model 4) 
in Sweden. The response variable was log(G_growth), the natural logarithm of basal area growth over five years 
(m2 ha–1 5-years–1). The variable exponents were selected to improve variable normality. R2 is the marginal r-square, 
i.e., a measure of the explanatory power of the fixed effects only. Site was set as random effect.

Model Coefficient Estimate Std. Error Pr(>|t|) RMSE R2 Random variance

Model 3
(Scots pine)

Intercept 1.547 1.260e-01 < 2e-16 0.24 0.70
age10.2 –1.579 3.660e-02 < 2e-16
ba0.6 1.036e-01 6.013e-03 < 2e-16
stem0.2 4.105e-01 1.745e-02 < 2e-16
veg 3.493e-02 4.590e-03 2.71e-14
thinn10.1 2.900e-01 1.898e-02 < 2e-16
thinn20.1 2.231e-01 1.928e-02 < 2e-16
peat –2.808e-01 2.519e-02 < 2e-16
depthind –5.444e-02 1.947e-02 0.00470
tsum 4.417e-01 3.422e-02 < 2e-16
propspruce 2.898e-01 9.098e-02 0.00121
Site (random) 9.245 e-02

Model 4
(Norway spruce)

Intercept 5.402e-01 1.931e-01 0.005195 0.29 0.69
age10.25 –9.577e-01 3.531e-02 < 2e-16
ba0.74 5.011e-02 3.021e-03 < 2e-16
stem0.2 4.175e-01 1.883e-02 < 2e-16
veg 8.257e-02 5.669e-03 < 2e-16
thinn12 2.014 1.704e-01 < 2e-16
thinn22 1.269 1.964e-01 1.18e-10
propspruce 3.419e-01 9.095e-02 0.000175
moist –1.228e-01 4.532e-02 0.006770
tsum 4.032e-01 4.340e-02 < 2e-16
Site (random) 7.072e-02

plotted against predicted basal area (Fig. 3 and 4) and other predictor variables (Suppl. file A1: 
Fig. A.1 and A.2). When comparing the species-specific models, Model 2 shows a higher basal 
area growth for comparable stand basal area and age (Fig. 5.)
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3.2 Model comparison

The models showed relatively similar results when tested against the independent experiment data 
(Fig. 8). The Scots pine models had better predictions over time with lower RMSE (m2 ha−1) than 
the Norway spruce models (Table 6). On average, across all five periods, the RMSE for the Scots 
pine models was 2.204 for Model 1, 1.708 for Model 3, and 2.266 for Elfving. For Norway spruce, 
the average RMSE was 4.156 for Model 2, 5.228 for Model 4, and 4.188 for Elfving.

Fig. 6. Residuals for Model 3 (Scots pine). A) residuals for the fitted model against fitted basal area 
growth (m2 ha–1 5 years–1) using data set M3F, with data from the Swedish national forest inventory. 
b) residuals for the model validation against predicted basal area growth (m2 ha–1 5 yrs–1) using data 
set M3V, with data from the Swedish national forest inventory. The blue lines show the trend in the 
residuals.

Fig. 7. Residuals for Model 4 (Norway spruce). a) residuals for the fitted model against fitted basal area 
growth (m2 ha–1 5 years–1) using data set M3F, with data for the Swedish national forest inventory. b) 
residuals for the model validation against predicted basal area growth (m2 ha–1 5 yrs–1) using data set 
M4V, with data from the Swedish national forest inventory. The blue lines show the trend in the residu-
als.
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For Scots pine, Model 3 and Elfving model showed a tendency to overestimate basal area 
more over longer times. The residual bias was on average –7.17% and –8.38% respectively in 
the final period (period 5), compared to –1.65% for Model 3 (Table 6). For Norway spruce, the 
models were relatively unbiased with time, where the bias on average the final period (period 5) 
was –1.62% for Model 2, –2.59% for Model 4, and –1.12 for Elfving (Table 6).

All models also showed an increased spread of residuals with less accurate predictions at the 
end of the comparison. The largest increase in variation was for Model 4 which increased RMSE 
from 2.36 in the first period to 7.90 in the final period.

Fig. 8. Residual modelled basal area relative to independent data from the GG experiment as a function of time 
since first measurement. Plots a, b and c are Scots pine (using the GGpine data set, with data from a Swedish 
long-term thinning and fertilisation experiment), and d, e and f are Norway spruce (using the GGspruce data set, 
with data from a Swedish long-term thinning and fertilisation experiment). Plot a (Model 1) and d (Model 2) 
show residuals for the growth and yield models. Plot b (Model 3) and e (Model 4) show residuals for the growth 
models. Plots c and f show residuals for Elfving’s model used on Scots pine (GGpine) (c) and Norway spruce 
(GGspruce) (f). The solid red lines show the trend in the residuals for the thinned plots, and the dotted lines the 
residual trend for the unthinned plots.
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4 Discussion

4.1 Model comparison: all models had similar performance

Altogether, there were no clear differences between the predictions of different models and no 
clear patterns in when the models worked better or worse. Expected benefits of long-term preci-
sion using compatible growth and yield models (Model 1 and Model 2), like path invariance and 
variable period length (Clutter 1963; Weiskittel et al. 2011), could not be seen for these plots and 
periods, regardless of plot treatment and location. Perhaps a longer comparison period than 30–40 
years could have shown clearer results for the model comparison. Also, the current basal area 
model used in Heureka (Elfving) works well, even compared to species-specific models using new 
data and different equations. The lack of differences makes it difficult to say that one model was 
constantly better. However, the results illustrate the power of the relatively simple Model 1 and 
Model 2, which only used age, basal area, and initial stem number as input variables. Even though 
these growth and yield models did not show a more stable prediction with time, they include other 
strengths such as choosing period length and simple input variables. Choosing period lengths makes 
these models more flexible and easier to use than fixed five-year growth models such as those used 
in this study (Model 3, Model 4, and Elfving). The simple input variables make the growth and 
yield models a good alternative for predicting stand development in managed forests where age is 
known and basal area and stem number are estimated through remote sensing (Nilsson et al. 2017). 
If the initial stem number before thinning is unavailable, the average initial stem numbers from 
this study could be used. These are 1544 stems ha–1 (SE = 11.2) for Scots pine and 2380 stems ha–1 
(SE = 16.1) for Norway spruce.

Comparison of the models against independent data showed that the ability of the models to 
predict basal area development was good. However, precision and bias varied both with time and 
model. For Scots pine, Model 3 had the best long-term precision and minimally underestimated 
basal area (2 to 3%). Model 1 and Elfving model tended to overestimate with time, especially in 
the final period where basal area was overestimated by 6 and 8%, respectively. A reason for the 

Table 6. Mean residual bias (%) and root mean squared error (RMSE) for each model and growth period (average 7 
years for Scots pine and 6 years for Norway spruce), compared against independent data (GGpine and GGspruce). Model 
1 = basal area growth and yield model (m2 ha–1) for Scots pine, Model 2 = basal area growth and yield model (m2 ha–1) 
for Norway spruce, Model 3 = basal area growth model (m2 ha–1 5-years–1) for Scots pine, Model 4 = basal area growth 
model (m2 ha–1 5-years–1) for Norway spruce, and Elfving = basal area growth model (m2 ha–1 5-years–1) for Scots pine, 
Norway spruce, and silver birch.

Species Model Mean residual bias % (SE) RMSE (m2 ha–1)
Period Period

1 2 3 4 5 1 2 3 4 5

Scots pine Model 1 0.35 
(0.60)

–1.49 
(0.98)

–3.00 
(1.28)

–2.44  
(1.67)

–7.17 
(1.66)

0.70 1.43 2.15 2.75 3.99

Model 3 2.55 
(0.74)

1.98  
(0.99)

2.10  
(1.12)

3.58  
(1.54)

–1.62 
(1.20)

1.08 1.45 1.81 2.49 1.71

Elfving 0.92 
(0.66)

–1.94 
(1.14)

–3.46 
(1.25)

–3.77  
(1.40)

–8.38 
(1.82)

0.8 1.66 2.12 2.51 4.24

Norway 
spruce
 

Model 2 0.86 
(1.35)

0.93  
(1.63)

0.78  
(1.95)

–0.95  
(2.23)

–1.62 
(2.73)

2.32 3.32 4.29 5.30 5.55

Model 4 1.34 
(1.44)

0.12  
(1.92)

–1.04 
(2.24)

–3.37  
(2.79)

–2.59 
(3.35)

2.36 3.81 4.98 7.1 7.9

Elfving 2.14 
(1.32)

2.50  
(1.58)

2.023 
(1.76)

–0.25  
(2.15)

–1.12 
(2.83)

2.4 3.44 4.19 5.28 5.64



16

Silva Fennica vol. 56 no. 2 article id 10707 · Goude et al. · Comparing basal area growth models for Norway …

more apparent overestimation bias for the Elfving model could be due to that model being the 
same for Scots pine and Norway spruce. Studies like Eko et al. (2008) have shown that Norway 
spruce stands have higher production than Scots pine in Swedish NFI data. This was also shown 
in this study where Norway space models had a higher growth compared to models developed for 
Scots pine dominated stands (Fig. 5). In the Elfving model, this species difference was captured 
with the species proportion of basal area where plots with more Scots pine grew slower (Elfving, 
2010). This species adjustment was, however, insufficient for the plots used in this comparison.

The models for Norway spruce differed somewhat in their ability to predict basal area. Both 
Model 2 and Elfving’s model showed a similar and unbiased ability to predict basal area over time. 
In contrast, Model 4 had a more substantial residual variation and a large overestimation for some 
plots. The plots with considerable overestimation in the later stages were primarily unthinned 
control plots. This indicates that growth of Model 4 did not flatten off as aggressively as these 
experimental plots and other tested models did. Another reason may be that the estimations for 
these overestimated control plots were already biased after 10-year predictions (Fig. 8). By running 
the model for a long time using these biased estimations, errors accumulate as predictions were 
made from increasingly biased previous predictions (Holm 1981; Kangas 1997). Predictions by 
both Elfving and Model 2 model had increased RMSE between the first and last periods, but not 
to the same extent and with less bias.

The included variables in the Model 3 and Model 4 models were quite similar. The vari-
ables that did not occur in both models were connected to the species availability in the Swedish 
NFI data set. For example, plots with peat and shallow soils only occurred to a large extent where 
Scots pine was dominant. Therefore, these variables became significant and included in the final 
Model 3. The moist variable worked the same way in the Norway spruce model (Model 4), where 
a large portion of the Norway spruce dominated plots were classified as moist.

4.2 Limitations imposed by data collection design

We used NFI data for the Model 3 and Model 4 models because these five-year growth models 
required a consistent five-year interval. Also, one of the objectives was to see if data from between 
2003 and 2017 would result in different model performance than the Elfving model based on data 
from the 1980s. The growth and yield models (Model 1 and Model 2) allowed combining data 
from both NFI and long-term experiments, despite different period lengths. The different period 
lengths of the experimental data needed a type of equation that could deal with this inconsistency 
both within and between experiments. It was, therefore, suitable for the growth and yield models 
but not for the five-year growth models. Another reason for including the experimental data when 
fitting Model 1 and Model 2 was that yield data on total basal area production was used for these 
models. The long-term experiment data contained older and more accurate records on total basal 
area production than the Swedish NFI data and was therefore included.

The data collection design was the likely source of uncertainty in model predictions. Age 
was a complicated variable in this study and is a weakness of using the Swedish NFI for growth 
and yield model development (Fahlvik et al. 2014). The problem was that age was not measured 
for each plot but rather estimated. This is a problem because the estimated age varied between 
periods. The age usually increased by fewer or more years than it should have. For example, some 
plots with an age of 60 years in 1983 were recorded as 65 years old in 1993, ten years later. Our 
solution was to take the average of all estimates since we could not know which ones were reliable. 
As discussed in Elfving (2010), it may have been desirable to avoid age as a variable, but that was 
not easy since age explained much of the variation in basal area development. All this uncertainty 
added to the error and overall uncertainty of the models.
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Different plot sizes for different sized trees are understandable in an inventory system for 
logistical reasons, to reduce the number of trees to be measured. But the smaller plot used to meas-
ure trees between 4 and 9.9 cm was not entirely representative of the whole 10 m plot and resulted 
in ingrowth. We dealt with ingrowth by estimating the basal area of small trees in the whole 10 m 
radius plot. The plot basal area was then made up of trees with DBH over 10 cm measured in the 
large plot, trees between 4 and 10 cm measured in the small plot, and trees between 4 and 10 cm 
estimated outside the small plot. The resulting basal area was then partly a prediction of previous 
basal areas. This was still a better option than the sometimes severe basal area growth overestimation 
caused by ingrowth. A similar issue occurred when the Swedish NFI plot area changed between 
inventories. This also caused problems with ingrowth and difficulties with growth analysis. Plot 
size issues are good illustrations of the problems that arise when making changes to long-term 
permanent plot inventories. The Swedish NFI realised this at the beginning of the 2000s and worked 
to standardise the inventory (Fridman et al. 2014), but the previous changes still cause problems.

Another limitation on the models was the rarity of older forests in the available data for model 
construction. The main reason for this was that forests above 100 years are not common in Sweden 
and made up a small part of the final datasets after applying the restrictions. This was especially 
true for Model 1 and Model 2. One of the restrictions when selecting data was that a plot could 
not be taller than 10 m at first measurement to ensure accurate total basal area production estima-
tions. The models should therefore be used with caution on old forests over 100 to 150 years old.

4.3 Prospects for use of growth and yield models

The models created in this study were developed for relatively pure stands of Norway spruce and 
Scots pine (≥70% of basal area). However, according to the Swedish NFI data, around 30% Swedish 
forests are not so homogenous. Therefore, there is a need for models that can take mixture effects 
into account, especially when including other species than Norway spruce and Scots pine. Using 
the Swedish NFI, models for mixed forests could probably be developed for common species like 
Scots pine, Norway spruce, and silver birch. Making models for other species may be more dif-
ficult since they occur infrequently in the data and with a large geographical variation. For those 
species, plots in long-term experiments are necessary. However, these experiments may have the 
same problem representing geographical variation and variation in site properties.

The minor differences between the models evaluated in this study suggest that other 
approaches than purely statistical forest growth and yield models are needed to improve the 
models’ site adjustment and ability to make accurate long-term predictions, even during changes 
in growth conditions. This could be achieved by developing hybrid physiological/mensurational 
models where climate effects on production are included (Mason et al. 2007).

5 Conclusions

In this study, compatible growth and yield models and growth models, predicting stand basal area, 
were developed for Scots pine and Norway spruce. In the long-term model comparison, there were 
no apparent differences between the models developed in this study and the one currently used in 
Heureka in their ability to predict basal area development. The theoretically beneficial features of 
compatible growth and yield models, like path invariance, did not give any advantages in the model 
comparison against the independent data. However, their ability to predict basal area development 
despite their simplicity illustrates the power of this method of forest growth and yield modelling. 
This makes it a good alternative when data availability is limited. Also, there were no clear differ-
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ences between the new and old growth models despite more and newer data in the models from 
this study. The lack of differences means that the basal area growth model used in Heureka can 
continue to be used. The future development of growth and yield models should focus on forests 
with heterogeneous species composition, age, and tree size. These forests are common and may 
become even more so in the future, but there is a lack of models for this type of forests. Future 
studies should also investigate ways to better incorporate site properties and weather into growth 
and yield models to better deal with short- and long-term changes in temperature and precipitation.
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