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Highlights
• Modelled crown-to-bole diameter ratio (CDBDR) using tree and stand-level predictors, and 

sample plot random effects.
• Spatially explicit mixed-effects model described the largest part of CDBDR variation with 

no significant trend in the residuals.
• The CDBDR increased with increasing stand development stage and site quality, but decreased 

with decreasing proportion of the species of interest, and increasing competition.

Abstract
Crown dimensions are correlated to growth of other parts of a tree and often used as predictors in 
growth models. The crown-to-bole diameter ratio (CDBDR), which is a ratio of maximum crown 
width to diameter at breast height (DBH), was modelled using data from permanent sample plots 
located on Norway spruce (Picea abies (L.) Karst.) and European beech (Fagus sylvatica L.) 
stands in different parts of the Czech Republic. Among various tree and stand-level measures 
evaluated, DBH, height to crown base (HCB), dominant height (HDOM), basal area of trees larger 
in diameter than a subject tree (BAL), basal area proportion of the species of interest (BAPOR), 
and Hegyi’s competition index (CI) were found to be significant predictors in the CDBDR model. 
Random effects were included using the mixed-effects modelling to describe sample plot-level 
variation. For each species, the mixed-effects model described a larger part of the variation of 
the CDBDR than nonlinear ordinary least squares model with no trend in the residuals. The 
spatially explicit mixed-effects model showed more attractive fit statistics [conditional R2 ≈ 0.73 
(spruce), 0.78 (beech)] than its spatially inexplicit counterpart [conditional R2 ≈ 0.71 (spruce), 
0.76 (beech)]. The model showed that CDBDR increased with increasing HDOM – a measure 
that combines the stand development stage and site quality – but decreased with increasing HCB 
and competition (increasing BAL and CI), and decreasing proportions of the species of interest 
(increasing BAPOR). For both species, the spatially explicit mixed-effects model should be a 
preferred choice for a precise prediction of the CDBDR. The CDBDR model will have various 
management implications such as determination of spacing, stand basal area, stocking, and plan-
ning of appropriate species mixture.
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1 Introduction

A crown is a mass of foliage, a site of photosynthesis, and significantly correlated to biomass and 
growth of other parts of the tree. Crown measurements are used to assess tree health, growth stage, 
stability, and production efficiency (Assmann 1970; Avery and Burkhart 2002). The main func-
tions of a crown include light energy assimilation, carbon dioxide absorption, and oxygen release 
by photosynthesis, energy release by respiration, and water release by transpiration (Buckley et 
al. 2013). Branches of a crown provide mechanical support to the leaves and serve as conduits for 
allocation of resources. Crown research provides insight into key characteristics such as produc-
tivity, biodiversity, and wildlife habitats within a forest ecosystem. Generally, many approaches 
of modelling light distribution, water balance, and tree growth depend on the information on the 
crown dimensions of individual trees (Grote 2003). Crown measures are often used as predictors 
in various forest models such as growth models (Biging and Dobbertin 1992; Monserud and Sterba 
1996; Hasenauer and Monserud 1997; Pretzsch et al. 2002), mortality models (Monserud and 
Sterba 1999), and biomass models (Carvalho and Parresol 2003; Tahvanainen and Forss 2008). 
Crown measures are also used to assess wood quality (Kuprevicius et al. 2014) and stand density.

Realizing the importance of crown measures in forest management, several crown modelling 
studies have been conducted focusing on crown ratio (Hasenauer and Monserud 1996; Soares and 
Tomé 2001; Temesgen et al. 2005), crown shape (Deleuze et al. 1996; Pretzsch 2009), crown rise 
(Valentine et al. 2013), and crown width (Bragg 2001; Pretzsch and Schutze 2005; Fu et al. 2013, 
2017; Sharma et al. 2016a). Crown models are used to estimate canopy density that is useful for 
assessing wildlife habitat, fire risk, and understory canopy light condition (Crookston and Stage 
1999). Crown models can be used to estimate growing space requirements for trees (Foli et al. 
2003; Pretzsch and Schutze 2005; Pretzsch et al. 2015a).

A number of other crown measures, such as the ratio of crown diameter to bole diameter 
(linear crown index), crown spread ratio (ratio of crown width to total height), and crown thickness 
index (ratio of crown width to live crown length), can be derived either from previously established 
crown models or from measurements. Crown measures change over time, and therefore, regular 
updating is necessary. This is made possible either from direct measurements of all trees per sample 
plot or indirect estimation using previously established crown models. However, as compared to 
other tree characteristics, measuring crown dimensions for all trees on each sample plot is costly, 
time consuming, and difficult in dense stands, where the base of the crown is obscured. Crown 
dimensions for most trees are often not measured in routine forest inventories. In these circum-
stances, crown prediction models are often applied for estimation of missing crown dimensions.

 The crown-to-bole diameter ratio (CDBDR) is termed as a projection ratio (Eule 1959 in 
Assmann 1970) or growing space index (Seebach 1845 in Assmann 1970), and defined as crown 
diameter divided by diameter at breast height of a tree. The CDBDR provides the information of 
crown dynamics in various stages of bole size and, therefore, is of silvicultural interest (Assmann 
1970; Ayhan 1974; Hemery et al. 2005). The CDBDR may be used for estimating diameter or 
basal area from crown diameters of trees measured with remote sensing methods. The CDBDR 
can be useful in assessing stand density and growing stock of a given stand, and is also used as 
one of the predictor variables in growth models. CDBDRs can be used to assess the stability of 
individual trees and stands because trees with larger CDBDR would be relatively weaker against 
the external forces (e.g. wind-blow, icing) (Schmidt et al. 2010). The CDBDR may have various 
management implications such as determining spacing, stand basal area, stocking and thinning 
regimes, and planning appropriate species mixture (Hemery et al. 2005). Further investigation 
of the CDBDR also provides a useful means of checking the validity of yield tables and growth 
models. The silvicultural technique based on the CDBDR is often referred to as the “free growth” 
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that stimulates vigorous crown development of the selected trees in order to achieve maximum 
radial growth (Dawkins 1963; Hemery et al. 2005). Even though there can be various management 
implications of CDBDRs (Seebach 1845; Eule 1959, and Freist 1960 in Assmann 1970), only a few 
studies (Ayhan 1974; Hemery et al. 2005) developed the allometric models of the CDBDR using 
diameter at breast height as a single predictor. Stand characteristics such as its density, site quality, 
and species mixture could have significant effects on such an allometric relationship. Therefore, 
predictors describing these characteristics need to be included into the CDBDR model.

Competition could have significant effect on the tree crown (Thorpe et al. 2010; Fu et al. 
2013, 2017; Sharma et al. 2016a; Taylor et al. 2016). Growth of the crown and stem diameters are 
highly sensitive to competition. Crown size is a key characteristic in this context as it correlates 
with the space occupied and physiological functions performed by a tree (Pretzsch et al. 2015a). 
The competition impact, which is a stress caused by proximity of neighbors to a subject tree, 
modifies growing conditions. This impact can be quantified into a numerical measure, which can 
be spatially explicit (distance dependent) and spatially inexplicit (distance independent) (Porte and 
Bartelink 2002). The former considers the spatial positioning of trees while the latter disregards 
it. Spatially explicit competition measures thoroughly describe stand heterogeneity (Thorpe et al. 
2010; Sharma et al. 2016a). A forest stand is an aggregate of trees competing over the restricted 
distance and largely influences growth, mortality, and natural regeneration (Pretzsch 2009; Thorpe 
et al. 2010). The spatial pattern of trees in a stand may change from clustered to regular form in 
the course of stand development, and consequently, the crown increases to fully occupy the site. 
However, mortality and management interventions could cause changes in site occupancy (Long 
and Vacchiano 2014). Thus, precise information of the competitive interactions among the trees 
over a certain distance (e.g., spatially explicit competition index) is important for decision-making 
in forestry.

In addition to the spatially explicit competition measure, this study also evaluates other tree 
and stand-level measures that describe the effects of tree size and vigor, stand density, site qual-
ity, and species mixture on the CDBDR. This study applies the mixed-effects modelling through 
inclusion of sample plot random effects into the CDBDR model. The aim of applying mixed effect 
modelling is for flexible use of the model. The mixed-effects model can be used as a fixed model 
(expected value) or it can be calibrated by predicting the random effects through local measurements 
(Calama and Montero 2005; Mehtätalo et al. 2015). The mixed-effects model takes into account 
the hierarchical data structure where observations are significantly correlated to each other. When 
ordinary least squares regression is applied to estimate the model using these data, the assumption 
of independent errors is largely violated and estimated parameters and variances are significantly 
biased. In this situation, the mixed effects model, which takes into account the subject-specific 
effects, should be applied to estimate the regression model. This is the reason why mixed-effects 
modelling has frequently been applied to develop various forest models (Lappi and Bailey 1988; 
Lappi 1991; Calama and Montero 2005; Fu et al. 2013; Mehtätalo et al. 2015; Sharma and Breiden-
bach 2015). However, a mixed-effects CDBDR model has not yet been developed and an in-depth 
investigation of the factors affecting CDBDR is still lacking. Consequently, this study develops the 
mixed-effects CDBDR model using sample plot random effects, spatially explicit and inexplicit 
competition measures, stand measures which describe the combined effects of stand development 
and site quality, and species mixing effects on the CDBDR. The data used in this study originated 
from fully stem-mapped permanent research plots that represent both the monospecific and mixed 
stands of Norway spruce (Picea abies (L.) Karst.) and European beech (Fagus sylvatica L.) trees 
in different parts of the Czech Republic.



4

Silva Fennica vol. 51 no. 5 article id 1740 · Sharma et al. · Modelling tree crown-to-bole diameter ratio for…

2 Material and methods

2.1 Study area

The data was collected from 178 permanent research plots, which were established for the purpose 
of periodic measurements, but measured only once. Thus, we hereafter term them as sample plots 
only. The sample plots are located in the eighteen Natural Forest Areas (out of 33 in the Czech 
Republic) (Fig. 1). More information about these sample plots are also available in the following 
literatures (Vacek et al. 2015a,b; Sharma et al. 2016a,b). The squared-shaped sample plots with 
areas varying from 2500 m2 to 4900 m2 were laid out in the stands by taking into account the 
canopy structure, mortality and regeneration, and stocking of dead wood (Šmelko and Merganič 
2008). The sample plots represent a wide variety of site quality, stand density, species mixture, 
growth condition, stand development stage, and management regime. The sample plot networks 
cover a wide range of altitudes (240–1370 m), mean annual temperature (4–9.5 °C), mean annual 
precipitation (500–1450 mm), and growing season length (45–180 days). The growing season 
length is defined as the number of days in a year when mean daily temperature is above 10 °C. All 
mean climate values are based on the climate records between 1963 and 2012. Most of the stands, 
especially European beech, originated from natural regeneration and about 20% from the Norway 
spruce plantation. About 77% of stands between the ages of 20–150 years were left for spontaneous 
development where management is based on a minimum harvest that includes salvage cutting and 
sanitary intervention (e.g. extraction of trees affected by bark beetles and diseases). Management 
of the remaining stands mainly focused on the shelter wood selection system, which resulted in 
approximately a 5% gap. We excluded the sample plots in which trees were substantially damaged 
by air pollution, wind, bark beetles and diseases (Vacek et al. 2013, 2015a).

Fig. 1. Location of sample plots [purely Norway spruce or Norway spruce-dominated sam-
ple plots (red dots), purely European beech or European beech-dominated sample plots (black 
triangles), light green shade represents forest cover, and grey lines separating Natural Forest 
Area].
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2.2 Measurements

All measurements were made between April 2007 and August 2015. However, no repeated meas-
urements were involved. Over-bark diameter at breast height (DBH, 1.3 m above ground) was 
measured with a precision of 1 mm while total height was measured by Laser Vertex with a preci-
sion of 0.1 m. Regardless of the species of interest, the position of all living trees with DBH ≥ 4 cm 
and natural regeneration with DBH < 4 cm and height ≥ 2 m were also recorded. Height to crown 
base (HCB) for all individuals was measured at the lowest point on the trunk where continuous 
whorl of at least three living branches was formed, excluding epicormic and adventitious branches. 
However, this whorl was not considered as a crown base when there were at least three dead whorls 
above it. Measurements were made for all tree species (1–26 species) on each sample plot. Total 
height and DBH were measured for all individual trees, regardless of the species, but the crown-
width measurements for a few trees were missing on some sample plots. The crown width was 
measured using the field-map hardware tool (IFER 2009), which is designed for computer-aided 
dendrometric data collection and data processing. The field crew made projections at four different 
directions perpendicular to each other on the crown azimuth using this tool. This hardware then 
automatically computed the circular crown projection area. The coordinates of at least four meas-
ured crown edges were connected and smoothed by automatic spline functions in the field-map 
software. Finally, an area of this figure (crown projection area) was determined and the diameter 
of the crown calculated as the diameter of a circle, having the same area as the smoothed figure.

3 Data analysis

3.1 Tree and stand characteristics

Stand characteristics such as its development stage, site quality and stand density have substantial 
influence on the crown of a tree (Hasenauer and Monserud 1996; Fu et al. 2013, 2017; Sharma et 
al. 2016a), and therefore various stand measures were computed and evaluated for their potential 
effects on the CDBDR. The site index (dominant height at a reference age), which is commonly 
used to measure site quality, is included as a predictor in various forest models. However, we could 
not include the site index in our CDBDR model as this information was not available. Instead, we 
included the dominant height (HDOM), which was calculated by following the methods suggested 
by Sharma et al. (2011, 2016a), to describe the combined effects of the stand development stage 
and site quality. We also evaluated other stand measures, which could have potential effects on the 
CDBDR, such as number of stems per hectare (N), sum of DBH of all individuals per sample plot 
(DBHSUM), basal area (BA), basal area of the trees larger in diameter than a subject tree (BAL), 
arithmetic mean DBH per sample plot (AMD), quadratic mean DBH per sample plot (QMD), and 
ratio of DBH to QMD. Since the effect of species mixture on tree growth and stand dynamics is 
substantial (Condés et al. 2013; Sterba et al. 2014; Pretzsch et al. 2015b; Sharma et al. 2016a), 
this was taken into consideration in our analyses since a major part of our data originated from 
the mixed stands. We calculated species proportion of the above-mentioned stand measures for 
the species of interest and evaluated their potential effects on the CDBDR.

3.2 Spatially explicit competition measures

We computed spatially explicit competition measures that describe the competition of neighbors 
to each subject tree. The missing measurements of crown width of a few trees, including species 
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of interest, prevented us to evaluate distance-weighted ratio of the crown cross-sectional areas or 
crown volumes of subject trees to their competitors (Biging and Dobbertin 1992; Pretzsch et al. 
2002). We chose four commonly used distance-weighted size ratio indices (Eq. 1–4), which are 
based on the assumption that larger and closer neighbors contribute higher competitive stress to 
a subject tree.
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where CI = competition index, DBH = diameter of a tree at breast height, DIST = distance between 
subject tree and competitor, n = number of competitors of a subject tree, π = 3.1416, λ = edge 
expansion factor, s = index for a subject tree, and c = index for a competitor.

We identified all potential competitors within a certain maximum distance around each 
subject tree using the vertical search angles defined as below (Biging and Dobbertin 1992; Sharma 
et al. 2016a):
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where HEIGHTc and HCBs are total height of a competitor c and height to crown base of a subject 
tree s, respectively, and all other abbreviations and indices are the same as in Eq. 1–4. The alpha (α) 
is the angle of inclination to the horizontal line, starting from the base of the crown of a subject tree 
s to the top of a competitor c (Eq. 5), and the theta (θ) is the angle of inclination to the horizontal 
line, starting from the base of a subject tree s to the top of a competitor c (Eq. 6).

We allowed α and θ to vary from 25° to 70° by 1° increment in Eq. 5 and 6, respectively, 
which resulted in 360 different CIs. Our analysis involved the examination and comparison of the 
contributions of all 360 CIs to the CDBDR model using some statistical criteria (to be described 
later). Hegyi’s index (Eq. 1) computed using the search angle of 50° in Eq. 5 better described 
competitive situations among the individuals than other alternatives. To reduce potential errors 
caused by off-plot competitors, we computed linear edge expansion factor as a corrective measure 
following the methods suggested by Martin et al. (1977) and Goreaud and Pélissier (1999) and 
adjusted to the competitors.

A statistical summary of the data is presented in Table 1. A monospecific stand includes all 
individuals other than the species of interest if they had DBH < 4 cm.

No information was recorded by the field crew to differentiate sparse stands from the 
crowded ones. We could not calculate canopy cover percentage using measurements of crown width 
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(Crookston and Stage 1999) due to missing crown-width measurements of a number of trees. We 
thus identified sample plots falling either in sparse stands or crowded stands through the subjec-
tive judgment of distribution patterns of individuals based on the stem-mapped sample plots. We 
defined a crowded (or dense) stand sample plot as that which had more than about 70% canopy 
closure and an open stand sample plot if it had less than this percentage. Our analysis showed 42% 
of sample plots were in the crowded stands. Graphical displays of CDBDR against DBH by stand 
openness are shown in Fig. 2.

3.3 Modelling approach

The scattered graph shows a strong relationship between CDBDR and DBH (Fig. 2). Considering 
this figure (i.e. exponential decrease of CDBDR with increasing DBH), we fitted an exponential 
decay function, hereafter termed as a base model. Among the various formulations evaluated, the 
following (Eq. 7) provided the smallest sum of squared errors.

CDBDR b b DBHij ij
b

ij= −( ) +1 2
3 7exp ( )ε

where CDBDRij and DBHij are crown-to-bole diameter ratio and diameter at breast height of a tree 
j (j = 1,…, m) on sample plot i (i = 1,…, n), respectively, b3 = 0.2, b1 and b2 are parameters, εij is an 
error term, and m and n are numbers of trees and sample plots, respectively.

Other tree and stand variables and sample plot random effects were also used to expand 
base model. Among several variables evaluated (Table 1), only significant ones were identified by 
applying the two-stage variable selection method (Staudhammer and LeMay 2000). This involved 

Table 1. Summary statistics of modelling data [CDBDR = ratio of maximum crown diameter to diameter at breast 
height, in short, crown-to-bole diameter ratio; SD = standard deviation].

Variables Mean ± SD (range)
Norway spruce European beech 

Number of sample plots 90 (16 monospecific +  
74 mixed)

88 (18 monospecific +  
70 mixed)

Total number of CDBDR sample trees 5526 5666
Number of CDBDR trees per sample plot 170 ± 140 (1–450) 119 ± 81 (1–287)
Number of stems per sample plot 214 ± 105 ( 23–660) 147 ± 129 (8–677)
Number of stems (N ha–1) 820 ± 472 (86–2581) 641 ± 474 (34–2685)
Stand basal area (BA, m2 ha–1) 49.7 ± 31 (6.9–81.2) 55.3 ± 45 (13–81.2)
BA proportion of a tree species (BAPOR) 0.72 ± 0.3 (0.00057–1) 0.74 ± 0.26 (0.004–1)
BA of trees lager than a subject tree (BAL, m2 ha–1) 34.3 ± 21.4 (0–77.4) 36 ± 19.2 (0–79.7)
Quadratic mean DBH per sample plot (QMD, cm) 27.4 ± 10.4 (7–60.3) 34 ± 10.9 (15–66.8)
Ratio of DBH to QMD  1.2 ± 0.5 (0.1–7) 0.9 ± 0.6 (0.1–5)
Arithmetic mean DBH per sample plot (cm) 24.6 ± 10.8 (6.8–53.9) 30 ± 11.6 (9–66.3)
DBH sum per sample plot (cm) 4520 ± 1302 (1063–9246) 3750 ± 1431 (683–9246)
Dominant diameter per sample plot (cm) 46.1 ± 15.2 (9.2–72.8) 53.6 ± 10.2 (23.4–73)
Dominant height per sample plot (HDOM, m) 25.5 ± 9.3 (6.5–40.4) 29.2 ± 7.2 (13.3–41.5)
Total height (m) 16.1 ± 10.3 (2–48.7) 19.6 ± 9.9 (2–48)
Ratio of height to diameter (m cm–1) 0.73 ± 0.22 (0.1–2.1) 0.74 ± 0.3 (0.1–2.7)
Height to crown base (HCB, m) 5.6 ± 5.5 (0–32.1) 8.2 ± 6.3 (0–34.1)
Crown diameter (m) 3.6 ± 1.6 (0.7–11.9) 5.9 ± 2.9 (0.9–19.7)
Diameter at breast height (DBH, cm) 25.4 ± 18.4 (3.1–112) 29.9 ± 19.4 (3.4–116.1)
Crown-to-bole diameter ratio (CDBDR, m cm–1) 0.2 ± 0.07 (0.04–0.67) 0.3 ± 0.16 (0.03–0.99)
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fitting the base model by sample plot and examining the scattered-matrix graphs of the values of 
estimated parameters plotted against each of the potential predictors (Sharma et al. 2016a).The 
scattered-matrix graph of parameter b1 of the base model (Eq. 7) with respect to HDOM, BAL, 
BAPOR, and HCB showed significant relationships. Therefore, b1 was then redefined as a function 
of these variables as shown below:

b f1 8= ( )HDOM, BAL, BAPOR, HCB a( )

where HDOM = dominant height (m); BAL = basal area of trees larger in diameters than a subject 
tree (m2 ha–1); BAPOR = basal area proportion of a species of interest; HCB = height to crown 
base (m). The effect of stand openness was also included applying dummy variable modelling, in 
which b2 of Eq. 7 was redefined as a function of stand openness as shown below:

b f2 8= ( )openness b( )

Fig. 2. Crown-to-bole diameter ratio (CDBDR) plotted against diameter at 
breast height (DBH) of trees [black dots = dense stands; grey dots = sparse 
stands].
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We also included sample plot random effects through the mixed-effects modelling. The 
mixed-effects modelling makes the estimated model subject-specific (sample plot-specific, in 
our case), resulting in a high prediction accuracy (Pinheiro and Bates 2000). The mixed-effects 
modelling allows for taking into account the dependency of observations that belong to the same 
group in the inference following the model fitting (Mehtätalo et al. 2015). The final mixed-effects 
CDBDR model after inclusion of Eq. 8a and 8b into Eq. 7 is given below:

CDBDR b u b u DBH with b a z zij i i ij
b

ij= +( ) − +( ){ }+ = +1 1 2 2 1 1 1 3
3 2exp ε αα

22 4 3 5 4

2 1 2 9

+ +

= +

α α

φ φ

z z

and b openness ( )

where z1 = HDOMi, z2 = BALij, z3 = BAPORi, z4 = HCBij, b3 = 0.2, α1,…, α5, φ1, φ2 are parameters; 
for a sparse stand, openness = 1, 0 otherwise. In this equation, HDOMi and BALij are sample plot 
dominant height (m) and basal area of trees larger in diameters than the jth tree on the ith sample 
plot (m2 ha–1), respectively; BAPORi and HCBij are basal area proportion based on the species 
of interest (Norway spruce or European beech) and height to crown base (m) on the ith sample 
plot, respectively; and, other symbols and acronyms are the same as in Eq. 7. The model (Eq. 9) 
is henceforth termed as a spatially inexplicit CDBDR model, and the model with BALij replaced 
by CIij is termed as a spatially explicit CDBDR model. The basic assumptions for the nonlinear 
mixed effects model (Eq. 9) include the multivariate normal distributions for the random effects 
vector (ui), residual errors vector (εi) and observations of the response variable vector (CDBDRi). 
We had no repeated measurements and assumed homoscedasticity in the data.

When b3 was tried to be estimated along with other parameters in Eq. 7 and 9 by optimization, 
convergence was not achieved. Then, we compared the sum of squared errors (SSE) produced from 
fitting several alternative values of b3 (0.1 to 2 by 0.1 increment) iteratively, and b3 = 0.2 provided 
the smallest SSE. The collinearity among the selected predictors was checked using correlation 
coefficients and only highly significantly contributing predictors were included into the CDBDR 
model in order to reduce over-parameterization (Montgomery et al. 2001).

3.4 Model estimation and evaluation

Mixed-effects models were estimated with maximum likelihood in SAS macro NLINMIX (SAS 
Institute Inc. 2013) using the expansion-around-zero method (Littell et al. 2006). However, the 
best base model was found by considering the fit statistics of the non-linear regression procedure 
NLIN in SAS (SAS Institute Inc. 2013). The mixed effects model alternatives were evaluated 
using common statistical criteria such as root mean squared error (RMSE), Akaike information 
criterion (AIC) (Akaike 1972), and two different coefficient of determinations: marginal coefficient 
of determination ( Rm2 ) and conditional coefficient of determination ( Rc2 ). The ( Rm2 ) explains fixed 
effect factors variance and Rc2  explains variance by both, the fixed and random factors in the mixed 
effects model (Nakagawa and Schielzeth 2013). The AIC compares the estimated models more 
logically than any other fit statistics as it is based on the minimizing Kull-back-Lieber distance, 
and it imposes a penalty for the number of parameters involved in the regression models (Akaike 
1972; Burnham and Anderson 2002). Unless otherwise specified, we used 1% level of significance 
in all analyses and the White test was applied to evaluate variance heteroskedasticity. The effects of 
each predictor on CDBDR were examined graphically. Even though model validation is important, 
because it provides credibility and confidence about the model, we were incapable of doing this 
due to lack of external independent dataset.
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3.5	 Prediction	with	mixed-effects	model

The mixed-effects CDBDR model can be applied for the prediction of CDBDR with or without 
using the random effects estimated from the measurements of CDBDR of a sub-sample of trees 
per sample plot. The model without estimated random effects is known as a mean response, while 
model with estimated random effects is known as a subject-specific model (localized model), and 
the localizing process is known as calibration (Pinheiro and Bates 2000). A prediction with the 
former model does not require prior information of a response variable (i.e., CDBDR measured 
from a sub-sample of trees per sample plot) however, it is required by the latter model. Even though 
there have been various options reported, generally four or five randomly selected trees per sample 
plot may be used for unbiased prediction (Calama and Montero 2005; Fu et al. 2013). There is a 
possibility to localize the mixed-effects CDBDR model using the empirical best linear unbiased 
prediction method (Pinheiro and Bates 2000; Sirkiä et al. 2015).

4 Results

We developed both the spatially explicit and inexplicit CDBDR model for the Norway spruce 
and the European beech using DBH and other tree and stand-level measures as predictors through 
application of the mixed-effects modelling. Among the various potential predictors evaluated 
(Table 1), dominant height (HDOM), basal area of trees larger in diameter than a subject tree 
(BAL), basal area proportion of the species of interest (BAPOR), height to crown base (HCB), 
and Hegyi’s competition index (Eq. 1) appeared to have contributed significantly to the descrip-

Table 2. Parameter estimates, variance components, and fit statistics of the mixed-effects CDBDR model (Eq. 9) [ Rm2 = 
marginal coefficient determination; Rc2 = conditional coefficient determination; RMSE = root mean squared errors; AIC 
= Akaike’s information criterion; α1,...,α5, φ1, φ2 = fixed parameters; ui1, ui2 = random effect parameters; σ2ui1 = variance 
of ui1; σ2ui2 = variance of ui2; σ2 = residual variance. Standard error of parameter estimates is given in the parenthesis. 
Other symbols are the same as in Eq. 9].

Model components Norway spruce European beech
Spatially explicit Spatially inexplicit Spatially explicit Spatially inexplicit 

Fixed
α1 2.439952 (0.0962) 2.010637 (0.0756) 0.974352 (0.0634) 1.188444 (0.0750)
α2 0.079471 (0.00492) 0.148253 (0.00784) 0.41734 (0.0155) 0.368927 (0.014)
α3 –0.02038 (0.00211) –0.00643 (0.0007) –0.00932 (0.000965) –0.01011 (0.000917)
α4 –0.70457 (0.0393) –0.53672 (0.034) –0.33188 (0.0573) –0.46398 (0.0559)
α5 –0.02489 (0.00239) –0.02571 (0.00248) –0.08355 (0.00297) –0.08228 (0.00276)
φ1 1.431184 (0.0211) 1.451109 (0.0214) 1.313027 (0.0199) 1.27803 (0.0184)
φ2 0.070045 (0.0114) 0.056779 (0.0116) 0.010468 (0.00186) 0.011452 (0.00153)
Variance 
σ2ui1 1.8217 2.0167 3.1853 3.2148
σui1ui2 –0.4162 –0.6051 –0.9902 –0.7329
σ2ui2 0.0926 0.1189 0.1572 0.05182
σ2 0.00131 0.00142 0.00511 0.00305
Fit statistics

Rm2 0.6994 0.6849 0.7559 0.7503

Rc2 0.7286 0.7104 0.7791 0.7657
RMSE 0.0349 0.0371 0.0626 0.0653
AIC –24702 –24551 –23931 –23804
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Fig. 3. Box plots of the standardized residuals of the spatially inexplicit crown-to-bole diameter ratio (CDBDR) model 
(Eq. 9). Length of larger box represents the interquartile range (IQR), length of whisker represents class minimum and 
maximum values in the IQR, and smaller boxes represent the observations 1.5 times beyond the IQR (outlier observa-
tions lying far away from the median) and horizontal lines and plus signs in a larger box represent class median and 
mean values, respectively.

tion of the CDBDR variation. Parameter estimates of all predictors including a dummy variable 
in both spatially explicit and inexplicit models were highly significant (p < 0.0001) and both 
models described large parts of the CDBDR variation (Table 2). The estimated values and signs 
of parameters are biologically plausible. For each species, the spatially explicit model better fits 
the data than its spatially inexplicit counterpart. However, differences between their fit statistics 
are small.
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Fig. 4. Effects of dominant height (HDOM), basal area of trees larger in diameters than a subject tree (BAL), basal area 
proportion of Norway spruce (BAPOR), and height to crown base (HCB) on crown-to bole-diameter ratio (CDBDR). 
Curves were produced using parameter estimates in Table 2 (spatially inexplicit model for dense stands). Mean values 
of the data were used as predictors except the variable of interest in each figure, which varied from about minimum to 
maximum in the data (see Table 1).

The box plots of the residuals show no serious systematic deviation for a majority of the 
observed data and estimated CDBDR (Fig. 3). However, small deviations in the residuals are seen 
only for a few large-sized trees. Within-sample plot heteroskedasticity was not significant (p > 0.05: 
White test), and histograms of the residuals showed a Gaussian distribution pattern (bell-shaped 
pattern), indicating that skewness was absent in the residuals. Also, no pronounced trend was 
observed in the residuals plotted by open stands, dense stands, mixed species stands, and monospe-
cific stands, indicating that models adequately fitted to the data acquired from each stand category.

The effects of the predictors related to tree-size (HCB), stand development stage and site 
quality (HDOM), competition (BAL, CI), and proportion of the species of interest (BAPOR) on 
the CDBDR were simulated using both, the spatially inexplicit model (Fig. 4 and 5) and spatially 
explicit model (Fig. 6). For each species, the effect of HCB emerged as the largest followed by the 
effect of HDOM, and CDBDR increased with increasing HDOM, but decreased with increasing 
competition (increased BAL or CI). Also, CDBDR increased with decreasing HCB and increas-
ing species proportion (decreased BAPOR). The effect of each predictor on the CDBDR for open 
stands only slightly differed from that shown in Figs. 4–6.
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Fig. 5. Effects of dominant height (HDOM), basal area of trees larger in diameters than a subject tree (BAL), basal area 
proportion of European beech (BAPOR), and height to crown base (HCB) on crown-to bole-diameter ratio (CDBDR). 
Curves were produced using parameter estimates in Table 2 (spatially inexplicit model for dense stands). Mean values 
of the data were used as predictors except the variable of interest in each figure, which varied from about minimum to 
maximum in the data (see Table 1).

Fig 6. Effects of spatially explicit competition (CI) on crown-to bole-diameter ratio (CDBDR). Curves were produced 
using parameter estimates in Table 2 (spatially explicit model for dense stands). Mean values of the data were used as 
predictors except the variable of interest in each figure, which varied from about minimum to maximum in the data.
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5 Discussion

We developed the CDBDR model which is based on a large dataset collected from fully mapped 
permanent sample plots representing a wide variability of stand density, site quality, and manage-
ment regime. Knowing that the allometric relationship between crown and DBH would largely 
vary with tree and stand characteristics (Bragg 2001; Sharma et al. 2016a; Taylor et al. 2016), we 
developed the CDBDR model using significant tree and stand-wise predictors. Description of a 
large part of the CDBDR variation without significant trends in the residuals (Table 2, Fig. 3) shows 
that the base model (Eq. 7) and predictors selected are best suited to our data. Our models also 
do not exhibit bias for any species-specific stands and forest types, and they behave significantly 
differently for the trees in sparse and dense stands. This is due to the pronounced effect of stand 
openness conditions on the CDBDR that was successively modelled with a subjectively defined 
sparse stand dummy variable. As we defined stand openness by making a subjective judgement 
on the stem-mapped sample plots, model users also need to make similar judgements when apply-
ing the models. Certainly, judgments will differ between the model users. However, we expect 
that prediction bias will be insignificant even if similar judgements (i.e., a stand with more than 
70% canopy cover as a dense stand) are not used when subject-specific predictions are made by 
applying the localized mixed-effects models. Because, measurements of the crown diameter for 
sub-sampled trees to be used for prediction of the random effects will be good representative to 
rest of the trees per sample plot.

As in other studies (Eule 1959, and Freist 1960 in Assmann 1970, p. 109), our data also 
show that the tree canopy height and their social positions significantly influences the projection 
ratio or CDBDR (Fig. 7). In this figure, the mean CDBDR for a given crown projection area (CPA) 
largely varies with three canopy height classes, indicating that social positions of the trees have 
significant effects on the CDBDR. The extensive data collected from 70 to 170 year-old beech 
stands (Eule 1959, and Freist 1960 in Assmann 1970) in a given social class, show that the mean 
CDBDR first increases rapidly but subsequently slowly with increasing the crown projection area. 
Our data in each canopy height class shows more or less the similar patterns, i.e., increased patterns 
in general (Fig. 7). A largely reduced CDBDR for any CPA class seen in this figure may be due 

Fig. 7. Mean crown-to-bole diameter ratio (CDBDR) plotted over the crown projection area (CPA) class for  each can-
opy height class (CHC) [mean CDBDR was calculated by CPA class with 20 m2 interval; CHC 1: height > 66% height 
of the tallest tree, CHC 2: 33% height of the tallest tree < height < 66% height of the tallest tree, and CHC 3: height < 
33% height of the tallest tree per sample plot; zero in x-axis stands for CPA class ≤ 10 m2, but > 0 m2].
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to few observations. For example, canopy height classes 1, 2 and 3 at the CPAs of 260, 160 and 
100 m2 for European beech have 5, 7 and 6 observations, respectively. Assmann (1970) and other 
studies also show that CDBDR increases on the same screened or shaded areas with decreasing 
cenotic positions, and CDBDR decreases further with tree ages. However, we could not examine 
the relationship between CDBDR and age due to tree age data being unavailable. A large fluctua-
tion of CDBDR could occur, for example, in case of a full canopy stand, where tree crowns could 
not grow laterally, but because of the increased bole diameter, this ratio decreases. After heavy 
thinning of beech stands, crown width could grow faster than bole diameter, and consequently 
CDBDR would be larger (Eule 1959, and Freist 1960 in Assmann 1970). Due to the lack of the 
thinning data, we could not evaluate our models in a similar way.

The effect of HCB on CDBDR is highly significant (Fig. 4 and 5), because it is strongly 
correlated with crown dimensions (Sharma et al. 2016a). Since crown recession and height growth 
of trees are two important factors of HCB dynamics, any changes to them result in a significant 
change on the crown dimensions (Power et al. 2012; Sharma et al. 2016a), and consequently on the 
CDBDR. When the lower branches die, this results in a crown recession, which leads to a larger 
HCB and a narrower crown. Crown recession is largely affected by competitive interaction among 
trees (Valentine et al. 2013), light availability to the lower branches, and physical interactions with 
neighboring trees. Trees growing in a crowded stand or trees with larger crowns may experience 
more physical interactions with neighboring trees, resulting in increased crown recession (Power 
et al. 2012). Crowns of tall trees are also subject to considerable movement due to wind-blow and 
resulting collisions may lead to substantial abrasion of branches and foliage (Rudnicki et al. 2003). 
Any change in the HCB may also reflect variability in the epicormic re-sprouting after a canopy 
loss during a drought period and after snow damages (Taylor et al. 2016).

The crown of a spruce is affected more by air pollution than that of a beech (Vacek et al. 
2013), and this may be the reason why the model exhibits a lower HCB effect on the CDBDR 
for spruce trees compared to beech trees (Fig. 4 and 5). The impact of emissions on spruce trees 
usually shortens the length of the crown; the crowns are dried mainly from the bottom where 
they are the widest, therefore increasing the crown height; and significantly less drying of the 
crown from the top or around the circumference (Vacek et al. 2015a) may result in a consider-
ably reduced crown width. However, the crown of a beech tree within in a stand suffers from the 
drying up or the dehydration of individual branches, which has little effect on the crown width 
(Vacek 1988). Other factors and management interventions also affect HCB, which in turn, sub-
stantially affects tree growth and stand dynamics. The HCB is commonly used as a predictor in 
various forest models including crown models (Ritson and Sochacki 2003; Fu et al. 2013, 2017; 
Sharma et al. 2016a).

Few crown-modelling studies (e.g., Fu et al. 2013, 2017; Sharma et al. 2016a) have assumed 
HDOM as a measure of site quality, which is not an appropriate assumption; because the same 
HDOM can be found in younger stands with better site quality and older stands with poorer site 
quality. Therefore, HDOM better reflects the stand development stage rather than site quality. 
However, we considered HDOM as a measure that could describe the combined effects of both, 
the stand development stage and site quality. Due to lack of site index data, we used HDOM for 
this purpose. The HDOM showed a significant effect on the CDBDR (Fig. 4 and 5). Growth mod-
elling studies often show significant relationships between HDOM, growth of the trees and stand 
dynamics. Inclusion of HDOM in the CDBDR model may be justifiable, because it reflects stand 
growth and yield development. It is also easier to measure than site index. For a given competi-
tive situation among the trees in a stand, CDBDR increases with increasing HDOM. This may be  
plausible for better sites where availability of more resources helps accelerate growth and crown 
expansion of the trees.
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Tree crowns are largely affected by competitive interactions among the trees (Thorpe et al. 
2010; Sharma et al. 2016a). We found, much like other studies (Hasenauer and Monserud 1996; 
Contreras et al. 2011), the basal area of trees larger in diameter than a subject tree (BAL) better 
describes the competition responses than any other inexplicit measures. For a given HDOM, our 
models exhibit decreased CDBDR with increasing BAL (Fig . 4 and 5) and Hegyi’s competition 
index (Fig. 6). This is due to increased crowding of individuals in a stand that results in taller height, 
narrower crown, and thinner stem, but larger HCB (Bragg 2001; Sharma et al. 2016a). Suppressed 
trees attempting to reach higher canopy positions would have less growth in diameter than height 
for a given unit of crown size as compared to trees already grown to the top canopy position (Wonn 
and O’Hara 2001; Sharma et al. 2016b), which may result in a larger CDBDR. Suppressed trees are 
able to allocate more resources to height growth and crown expansion relative to diameter growth 
(Wonn and O’Hara 2001). Trees with very large CDBDR may be possible in extremely sparse 
stands, but our data does not indicate this (Fig. 2) as sample plots were not located in extremely 
sparse stands (i.e., no sample plot had less than 30% canopy closure).

Competition indices computed using tree positioning may better describe competitive inter-
actions among the trees than those computed without tree positioning (Biging and Dobbertin 1992; 
Pretzsch 2009; Sharma et al. 2016a). This explains why our spatially explicit model better fits 
the data (Table 2). However, some other studies, (e.g. Lorimer 1983; Martin and Ek 1984) found 
spatially inexplicit competition indices (e.g. stand basal area) to be superior to spatial competition 
indices when modelling tree growth. Competition is a continuous, complex, and dynamic process, 
which is indirectly assessed using various competition indices. Most of these indices focus only on 
the aboveground competition as the primary determinant of growth, when belowground competi-
tion is likely to be equally or more important (Coomes and Grubb 2000; Weiskittel et al. 2011). 
Thus, a single index of competition cannot holistically represent all components of competition. 
Furthermore, competition indices describe growth and other tree characteristics differently as com-
petition varies with stand density, species composition, tree size, site quality, and stand structures 
(Pretzsch 2009; Contreras et al. 2011; Sharma et al. 2016a, 2016b). Inclusion of species-specific 
competition effects (Pretzsch et al. 2002; Thorpe et al. 2010), and other characteristics within the 
competition indices, are rarely practiced because of computational complexity. This study only used 
height and DBH in the competition indices (Eq. 1–6) in order to make the CDBDR model simpler. 
Application of spatially explicit models need information from the individual tree positions, which 
may not be obtained from routine forest inventories as they are costly. However, it could become 
more accessible and more affordable when spatial data from airborne laser scanning (Hyyppa et 
al. 2012), or data generated based on the empirical spatial distribution patterns (Pretzsch 1997), 
becomes available.

The effect of species mixture (BAPOR) on the CDBDR model is highly significant 
(p < 0.0001). For a given competitive situation and HDOM, CDBDR decreases with decreasing 
proportion of the species of interest (Fig. 4 and 5). Species mixture creates a neighborhood situ-
ation, where wider crown width is possible (Bayer et al. 2013). A tree crown is formed under 
the influence of local environment and availability of growth resources, which is determined by 
intra- or inter-specific interactions of the trees (Bayer et al. 2013; Pretzsch et al. 2015b; Sharma 
et al. 2016a). The structural difference of crowns in monospecific and mixed stands is significant, 
which can be due to differences in canopy space-filling and resource use efficiency (Pretzsch 2014; 
Pretzsch et al. 2015b). Space-filling within a crown, such as angle, length, number, and ramification 
of branches in the mixed stands, may differ from those in monospecific stands, which may result 
in significant changes in resource supply and resource use efficiency (Pretzsch 2009; Bayer et al. 
2013; Pretzsch 2014; Pretzsch et al. 2015b). Therefore, a better understanding of the effects of 
species mixture on tree growth and stand dynamics is important for decision-making in forestry.
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The CDBDR provides the information of crown dynamics in various development stages of 
a tree, and therefore it has silvicultural importance. Even though various applications of CDBDR 
are available (Dawkins 1963; Seebach 1845; Eule 1959, and Freist 1960 in Assmann 1970; Ayhan 
1974; Hemery et al. 2005), they all have lacked in-depth analyses of the factors that can affect 
the CDBDR. The CDBDR may be used to assess the stability of the individual trees and stands 
of the species of interest. The CDBDR model can be used as input to tree growth simulators to be 
developed in the future. The CDBDR model may be a part of the future forest risk model, which 
integrates all potential risk factors including climate, and may be used to assess overall risk for 
stand stability. A forest risk model may be of great importance in the Czech Republic, where static 
stability of spruce stands are low. For example, 17% of salvage cutting was caused by abiotic fac-
tors such as wind, snow and icing in 2014, but approximately 73% of the total damage was mainly 
caused by wind (MA 2015). Considerable incidents of stand damages can be expected in the future 
due to less static stability of conifer stands and increased fluctuations of weather.

6 Conclusion

The spatially explicit CDBDR model showed slightly more attractive fit statistics than those of its 
spatially inexplicit counterpart, though differences were small. Model users, therefore, may prefer 
an application of the spatially inexplicit model as it does not require the Hegyi’s competition index, 
which requires tree mapping and is computationally more complex than basal area of trees larger in 
diameter than a subject tree. When a detailed description of the stand structure and a high prediction 
accuracy is required, application of the spatially explicit model should be the preferred choice. The 
CDBDR can be useful in describing stand density and growing stock of the stands. The CDBDR 
model may have various management implications such as determination of spacing, stand basal 
area, stocking, and planning of appropriate species mixture. Recalibration of the CDBDR model 
using site index and longer time-series data will be more useful as these data better describe site 
quality, stand management history and changing patterns of the crown dimensions over the years.
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